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Abstract 

Let k be an algebraically closed field of characteristic p > and C a connected nonsingular 
projective curve over k with genus g > 2. Let (C, G) be a "big action" , i.e. a pair (C, G) where 
G is a p-subgroup of the fc-automorphism group of C such that-^ > j3[- We denote by G2 
the second ramification group of G at the unique ramification point of the cover C — > C/G. 
The aim of this paper is to describe the big actions whose G2 is p-elementary abelian. In 
particular, we obtain a structure theorem by considering the fe-algebra generated by the additive 
polynomials. We more specifically explore the case where there is a maximal number of jumps 
in the ramification filtration of G2. In this case, we display some universal families. 

1 Introduction. 

Setting. Let k be an algebraically closed field of characteristic p > 0. We denote by C a connected 
nonsingular projective curve over k, with genus g > 2, and by G ap-subgroup of the A-automorphism 
group of C: Autk(C), such that ^ > Such a pair (C, G) is called a "big action". Then, there 
is a point of C (say 00) such that G is equal to the wild inertia subgroup G\ of G at 00 (cf. [LM05| ). 
Moreover, the quotient curve C /G is isomorphic to the projective line Pj. and the ramification 
locus (respectively branch locus) of the cover n : C — > C/G is the point 00 (respectively 7r(oo)). 
Furthermore, the second lower ramification group Gi of G at 00 is non trivial and is strictly included 
in G\. In addition, the quotient curve C/G2 is isomorphic to F\ and the quotient group G/G2 acts 
as a group of translations: {X — > X + y, y G V} of the affine line C/G2 — {00}. 

Motivation and purpose. When searching for a classification of big actions, it naturally occurs that 
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the quotient L^ has a "sieve" effect. Stichtenoth shows that, for any p-subgroup G of Autk(C), 
^pr < (p-1) 2 ( c ^' [St73| ) . Later on, Lehr and Matignon prove that the big actions such that 
> (p-1) 2 correspond to the p-cyclic etale covers of the affine line given by an Artin-Schreier 
equation: W p — W — f{X) := X S(X) + cX G k[X], where S(X) runs over the additive polynomials 
of k[X] (cf. [LM05] ). In a sequel paper [Ro3j . we go further in the classification and describe the 
big actions such that ^ > tpi-iy • Under this condition, it is shown in [MR08| that G2 is a p- 
elementary abelian group of order dividing p 3 , hence the necessity to study big actions whose second 
ramification group G2 is p-elementary abelian. 

Outline of the paper. The main result of this paper is a structure theorem for the big actions with 
a p-elementary abelian second ramification group G2. This result is obtained by considering the 
k- algebra generated by the additive polynomials of k[X}. Indeed, let (C, G) be a big action whose 
G2 is isomorphic to (Z/pZ) n , with n > 1. Then, the function field of the curve is parametrized by 
n Artin-Schreier equations: Wf — Wi — fi(X) G k[X], with 1 < i < n. For all t > 1, we define E t 
as the fc-subvector space of k[X] generated by 1 and the products of at most t additive polynomials 
of fc[X]. In section 3, we prove that each function fi belongs to Sj + i, which means that we can 
express fi as a linear combination over k of products of at most i + 1 additive polynomials of A;[X]. 
This result generalizes the p-cyclic case, i.e. n = 1, but, contrary to this case, the converse is no 
longer true, which means that such a family {fi)\<i< n does not necessary give birth to a big action, 
except under specific conditions that are studied in what follows. The obstruction essentially lies in 
the embedding problem associated with the exact sequence: 

— ► G 2 s (Z/pZ)" — > G — ► V — ► 

More precisely, we study the induced representation 0: G/G2 — > Aut{G2) — Gl n (¥ p ) via the repre- 
sentation dual with respect to the Artin-Schreier pairing (see section 2). 



Sections 4 and 5 are devoted to two special cases of main interest. In section 4, we investigate 
the case where there is only one jump in the upper ramification filtration of G 2 . Then, the repre- 
sentation mentionned above is trivial or, equivalently, each function /j belongs to £2. In section 5, 
we give a group-theoretic characterization of what can be regarded as the opposite case, namely: 
fi E — £j. Then, there is a maximal number of jumps in the upper ramificaton filtration of G 2 . 
This case is relevant insofar as the representation cf> is non trivial and provides much information. To 
conclude, section 6 is devoted to examples illustrating section 5. In particular, we display a universal 
family parametrizing the big actions (G, G) that satisfy fi E — £j, for p — 5, a given n < p — 1 
and dirrif V — 2. When investigating the properties of the corresponding group G, we show that 
the center of G is cyclic of order p and relate G with capable groups as defined by Hall (cf. |Ha40| ) . 

Notation and preliminary remarks. Let k be an algebraically closed field of characteristic p > 0. We 
denote by F the Frobenius endomorphism for a fc-algebra. Then, p means the Frobenius operator 
minus identity. We denote by k{F} the fc-subspace of k[X] generated by the polynomials F l (X) : 
with i E N. It is a ring under the composition. Furthermore, for all a hi k, F a — a p F. The 
elements of k{F} are the additive polynomials, i.e. the polynomials P(X) of k[X] such that for all 
a and (3 in k, P(a + 0) = P(a) + P((3). Moreover, a separable polynomial is additive if and only if 
the set of its roots is a subgroup of k (see }Go96 chap. 1). 

Let f(X) be a polynomial of k[X]. Then, there is a unique polynomial red(f)(X) in k[X], called 
the reduced representative of /, which is p-power free, i.e. red{f)(X) E ®( ip ) = i^A l , and such 
that red(f)(X) = f(X) mod p(fc[A]). We say that the polynomial / is reduced mod p(/cLY]) if and 
only if it coincides with its reduced representative red(f). The equation W p — W — f{X) defines 
a p-cyclic etale cover of the affine line that we denote by Cf. Conversely, any p-cyclic etale cover 
of the affine line Speck[X] corresponds to a curve Cf where / is a polynomial of k[X] (see [Mi80 
III.4.12, p. 127). By Artin-Schreier theory, the covers Cf and C re d(f) define the same p-cyclic covers 
of the affine line. The curve Cf is irreducible if and only if red(f) ^ 0. 

Throughout the text, the pair (G, G) denotes a big action such that the second ramification 
group G2 is isomorphic to (Z/pZ) n , with n > 1. We denote by L := k(C) the function field of C 
and by k(X) := L° 2 the subfield of L fixed by G 2 . The extension L/L° 2 is an etale cover of the 
affine line Speck[X) whose Galois group is G2 — (Z/pZ) n . Therefore, it can be parametrized by n 
Artin-Schreier equations: W p — W = gi(X), with 1 < i < n. In other words, L = k(X, Wi, • • • , W n ). 
As seen above, the functions gt(X) can be chosen in k[X]. Moreover, the quotient group G/G2 is a 
group of automorphisms of /c[A]. Since it is a p-group, it actually acts as a group of translations of 
Spec k[X], through r y : X — » X + y, where y runs over a subgroup V of k. We remark that V is an 
Fp-subvector space of k. We denote by v its dimension and thus obtain the exact sequence: 

— > G 2 ~ {Z/pZ) n — > G = Gi V ~ (Z/pZf — ► 

where for all g in G, n(g) := g(X) — X. We also fix a set theoritical section, i.e. a map s : V —> G, 
such that 7r o s = idy- 



2 An embedding problem. 

2.1 An F p - vector space dual of G?2. 

We first exhibit an F p - vector space dual of G2. Following Artin-Schreier theory (see |Bo83j . chap. 
IX, ex. 19), we define the F p -vector space: 

, _ p(L)nk(X) 

■ p(k(X)) 

In other words, A is the ¥ p - vector space generated by the classes of the functions gi{X) modulo 
p(k(X)). The inclusion k[X] C k(X) induces an injection: 

= p(L) n k[x] ~ 

■ p(k[X]) 

Since the extension is etale outside 00, the functions gi{X) parametrizing the extension L/k(X) can 
be chosen in k[X]. It follows that we can identify A with A. Consider the Artin-Schreier pairing: 

f G 2 x A — ► Z/pZ 
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where g belongs to G2 C Autk(L), w is an element of L such that pw £ k[X] and pw denotes the 
class of mod p(k[X]). This pairing is non degenerate, which implies that, as an F p -vector space, 
A is dual to G2. 

2.2 Two dual representations. 

We now introduce two representations dual with respect to the Artin-Schreier pairing. The first 
representation, say <j>, expresses the action of G\ on G2 via conjugation. Indeed, for all y in V, we 
define an automorphism <fi(y) of G2 such that, for all g in G2, 4>(y)(g) := s(y)^ 1 g s(y). Since G2 is 
abelian, cf>(y) docs not depend on the lifting s(y) in G\ chosen for y in V. Therefore, there exists a 
representation cj> which maps each y in V to <f>(y) in Aut(G2)- 

Then, we display a second representation expressing the action of V on A. More precisely, for 
all y in V, we consider the automorphism p(y) of A defined as follows: 



where w is an element of L such that pw £ k[X]. As s(y) belongs to G\ C Autu{L), then s(y)(w) 
still lies in L. Furthermore, since w p — w £ k[X], then (s(y)(w)) p — s(y)(w) = s(y)(w p — w) G 
s(y)(k[X]) C fc[A], as s(y)(X) = X + y. This ensures that p(y) is well-defined. Moreover, as 
G2 trivially acts on A C k(X) = L G2 , p(y) is independent of the lifting s(y) G G\ chosen for y. 
Accordingly, we can define a representation p which maps each y in V to p(y) in Aut(A). 

Remark 2.1. Note fftaf / or a Z/ /(X) in A and for all y in V, p(y)f(X) = f(X + y). 

Proposition 2.2. The two representations p and (f>, as defined above, are dual with respect to the 
Artin-Schreier pairing. 

Proof: For all y in V, for all g in G2 and for all w in L such that pw is in k[X], 

[4>{y){g),pw> = [siyy 1 g s(y),pw > 

= siv)' 1 9 s(y)(w) - w = s(y)~ 1 g s(y)(w) - s(y)^ 1 s(y)(w) 
= sivV 1 (9 s(y)(w) - s(y)(w)) = g s(y)(w) - s(y)(w) 

since g s(y)(w) - s(y)(w) = [g, p(s(y)( w)) >G F p . 

As a conclusion, [4>{y){g) ,pw>=[g, p(s(y)(w)) >= [g , p(y)(pw) > □ 

Since the image of p is a unipotent subgroup of Gl n (F p ), one can find a basis for the F p -vector 
space A in which the image of the representation p can be identified with a subgroup of the upper 
triangular matrices in Gl n (¥ p ). A means to do so is to endow A with a filtration which proves to 
be dual of the upper ramification filtration of G2. 

2.3 Dual nitrations on A and G2. 

The following three subsections are classical. Nevertheless, it is more convenient to recall both the 
proofs and the construction so as to fix the notation. 

2.3.1 A filtration and an adapted basis for A. 

Definition 2.3. 1. We first gather from the canonical map "degree" a map defined on A in the 
following way: 



3. From the increasing sequence: {0} = A° C A 1 C A 2 C • • • A r C A r+1 = A, we extract a 
strictly increasing sequence (A Mi )o<i< s such that: 

{0} = A = ■ ■ ■ = A^° C A^ +1 = ■ ■ ■ = A^ 1 C A^ 1+1 = ■ ■ ■ C • • • A»° C A»° +1 = A 

where the jumps pi are uniquely determined by the condition: A^ 1 C A^ i+1 . By definition of 
the function "degree" on A, all the integers pi are prime to p. By convenience of notation, we 
also define p s +i as p s + l so that A — A^ s+1 . For all i in {0, • • ■ , s + 1}, we denote by rii the 
dimension of A^ over ¥ p . Note that no = and n s+ i — n. 





A 1 := {f(X) G A, deg(f(X)) < 1} 
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4- Starting from a basis of A^ 1 , we complete it in a basis of A^ 2 , and so on until A^ s+ . In this 
way, we construct a basis of A, say: {fi(X),--- ,f n (X)}, which is said to be "adapted" to 
the fil tration defined above. Moreover, we impose specific conditions on the degree mi of each 
IdX): 

(a) V i G {1, • ■ ■ , n}, mi is prime to p. 

(b) V i G {1, • • • ,n — 1}, m l < m l+1 . 

(c) V (Ai, • • ■ , A n ) G F™ not all zeros, 

n 

deg (y] A l fi(X)) = max {deg A 4 fi{X)}. 

* — ' z—l ,n 

i=l 

Remark 2.4. Keeping the notation above, we notice that, for all i G {0, • ■ • , s}, m„ i+ i = m ni+ 2 = 
m ni ^ l — jii . 

This provides a new parameterization of the function field L. Indeed, for all i in {1, • • • , n}, we fix 
a representative mod p(fc[X]) of fi(X): fi(X) and assume it to be reduced mod p(k[X]). As m,i is 
prime to p, fi(X) still has degree m,. We also suppose that for all i in {1, • • ■ , n}, fi(0) = 0. From 
now on, the extension L/k{X) is parametrized by the n Artin-Schreier equations: Wf — Wi = fi(X) 
with 1 < i < n. 



2.3.2 The link with the upper ramification filtration of G 2 . 

In what follows, we highlight the correspondence between the jumps (fii)o<i< s in the filtration of A 
and the jumps (z^)o<i<r in the upper ramification filtration of G 2 . Since G 2 is abelian, the Hasse-Arf 
Theorem (see e.g. JSe68j , Chap. IV) asserts that the jumps in the upper ramification filtration are 
integers. So the ramification filtration reads as follows: 

g 2 = (g 2 )° = • • • = (G 2 r 2 (c 2 r +i = • • • = (G 2 r 2 • • • = (G 2 r 2 (G 2 r +i = m 

By convenience, put v r+ i := v r + 1. 

Proposition 2.5. Keeping the notation above, r = s and for all i in {0, ■ • • , s + 1} , \i\ = 

It follows that the filtration of A and G 2 are dual with respect to the Artin-Schreier pairing, that is 

to say (G 2 ) !yi is the orthogonal of A^ , for all i in {0, • • • ,s + 1}. 

Proof: Let Vi be a jump in the upper ramification filtration of G 2 , with < i < r. Since the 
(G 2 ) yi are F p -subvectors spaces of G 2 , one can find an index p-subgroup of G 2 , say H, such that 
(G 2 ) Vi+1 C H and (G 2 ) l ' ! £ Ti. As L n /L G2 is a p-cyclic cover of the affine line inside L, with 
Galois group equal to G 2 /7i, it is parametrized by an Artin-Schreier equation: W p — W = f(X) = 
E"=i Aj/iW with (Ai)i<i<„ G (F p )" - {(0,0, ••• ,0)}. Condition (c) in Definition 2.3.4 requires: 
deg(f) = maxi<i<„ {deg Aj fi(X)} G {m,:, 1 = {/^i, < i < s}. Besides, the group G 2 

induces an upper ramification filtration on G 2 /H, namely = ^ G2 ^ — (see |Se68) . Chap. IV, 

Prop. 14). Therefore, the ramification filtration of G 2 /7i reads: 

This is precisely the p-cyclic case for which it is well-known that the only jump of ramification: i/j 
is equal to deg(f) (sec [Se68 , Chap. IV, ex. 4, p. 80). Therefore, V{ G {^j, < j < s}. 

Conversely, consider for < i < s. Then, by Remark 2.4, fii — m„ i+1 , i.e. the degree 
of the function f ni+1 - The function field of the curve: W p — W = f ni+1 (X), is a p-cyclic etale 
cover of the affine line whose Galois group is an index p-subgroup of G 2 , say Ti. We define the 
integer v{G 2 ) E fa, < i < r + 1} such that G V 2 {G2)+1 c H and G V 2 {G2) (£ H. As seen above, 
m n i+1 = ^(G 2 ). Therefore, fii G {vj, < j < r}. Accordingly, {^, < i < r} = < i < s). 
They are both strictly increasing sequence, so r — s and for all i in {0, • • • , s} , jii = Vi. In addition, 
/i s +i = /i s + 1 = v T + 1 = ^ r +i, which completes the proof of the proposition. □ 

2.3.3 The different exponent and the genus of the extension. 

In this section, we establish a formula to calculate the different exponent and the genus of the 
extension L/L° 2 . We keep the notation defined in sections 2.3.1 and 2.3.2. 
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Proposition 2.6. Let (C,G) be a big action such that G 2 — (Z/pZ) n , with n > 1. The different 
exponent of the extension LjlF' 2 is given by the formula: 

n 

d={p-l)J2p i ~ 1 (rn i + l) 

Proof: Since G 2 is abelian, one can apply to L/L° 2 the upper index version of the Hilbert's different 
formula as given in |AuOO| (p. 120): d = Ei=o (l^l — [^2 : (G 2 )*]). In our case, this formula reads: 

r 

d = K + 1) (\G 2 \ [G 2 : (G 2 H) + ("i - (IG2I - [G 2 : (G a )"]) 

3=1 

Using Proposition 2.5, we obtain: 

d = + 1) (|G 2 | - L4"°|) + £- =1 fa - (|G 2 | - |) 

= ( Mo + 1) O n - p no ) + e;=i (Mj - m-i) (p n - p n > ) 

= EU(p n ~p n3 )(pj + 1 ) + e;=1(p" 3 -p n ) (pj-i + 1) 
= ej1(p b - p^- 1 ) (mj-i + 1) + s;;i(p nj - p n ) (w-i + 1) 

= £g(p B '-p n '- 1 )(Pi-i + i) 

= ES E-^.,+1^- 1 (P - 1) (Mi-a + 1) 

= (p-i)ESE^ 1+1 ^K + i) 
= (p-i)E?=xP i - 1 K + i) □ 

Note that another proof of this formula can be obtained by applying the formula given by Garcia 
and Stichtenoth in |GS91j . 

Corollary 2.7. Let (G, G) be a big action such that G 2 ~ (Z/pZ) n , with n > 1. TTie genus of the 
extension L / L 2 is given by the formula: 

1 ™ 

ff = 2 (p - !) E ( m * - x ) 

Proof: The formula directly derives from the Hurwitz genus formula (see e.g. |St93 ) combined 
with the formula given in Proposition 2.6: 

n 

2 (g - 1) = 2 ( ffc/G2 - |G 2 |) + d = -2p n + (p - 1) £ p*- 1 (mi + 1) □ 

i=i 

2.4 Matricial representations of p and </>. 

From now on, we work in the adapted basis constructed for A in section 2.3.1: {fi(X), ■ ■ ■ , f n (X)}. 
For any y in V, we denote by L(y) the matrix of the automorphism p{y) in this basis. As indicated 
in Remark 2.1, we recall that for all y in V and for all i in {1, • • • , n}, p(y) fi(X) = fi(X + y). 
Moreover, the conditions imposed on the degree of the functions fi(X) imply that the matrix L(y) 
belongs to T"„(F P ), the subgroup of Gl n (¥ p ) made of the upper triangular matrices with identity 
on the diagonal. Thus, L(y) reads as follows: 



A 


tiAv) *i,s(v) 


••• iiM \ 





1 ^2,3(2/) 


••• e*M 
















1 4»-l,n(2/) 


V° 





1 J 
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In other words, 

Vy G V, , fi(X + y) - .MX) = mod p(k[X]) 

i-l 

Vie{2,--- ,n},yyeV, J i (X + y)-f i (X)=J2^,MfA x ) m °d p{k[X\) (1) 

j=i 

Remark 2.8. We still denote by rrii the degree of the function fi. We observe that the degree of 
the left-hand side of ([T]) is at most mi — 1. It follows that, whenever rrii = mj , fj does not occur in 
the right-hand side of ([I]), which means that £j t i is zero on V . 

Proposition 2.9. Let (C,G) be a big action such that G2 — (Z/pZ) n , with n > 2. We keep the 
notation defined above. 

1. For all i in {1, • • • ,n — 1}, li^+i is a linear form from V to ¥ p . 

2. For all i in {1, • • ■ ,n — 1}, put Ci t i+i(X) := YlyeKerti i+1 ~ v)- Then, whenever is 
non identically zero, there exists \ in k — {0} such that, for all y in V , lis+i{y) = A, Ci,i+i(y). 
In this case, V = Z(\? i+1 — Aj Ci,i+x). 

Proof: The matricial multiplication first ensures that for all i in {1, • • • ,n— 1}, ii,i+i is a linear 
form from V to W p . Besides, from the preliminary remarks of section 1, we infer that Py(X) :— 
Tlycv (X ~ v) 1S a separable additive polynomial of degree p v , where v denotes the dimension of 
the Fp-vector space V. Then, for all i in {1, • • ■ , n — 1}, d t i+i(X) :— Y\ yeKere . , +1 (X — y) is an 
additive polynomial which divides Py(X). We now assume that is a nonzero linear form. 

In this case, & t i+i(X) has degree and there exists Xi in k — {0} such that for all y in V, 

£i,i+i(y) = XiC i<i+ i(y). Since for all y in V, £ ili+ i(y) lies in F p , then Af C^ i+1 - Aj Ci >i+ \ = Af P v . 
The claim follows. □ 

Remark 2.10. By duality with respect to the Artin-Schreier pairing, the adapted basis of A fixed 
in Definition 2.3.4 gives a basis 0/G2, say {gi, ■ ■ ■ ,<?„}, in which, the matrix of the automorphism 
4>{y) is the transpose matrix of L(y) for all y in V, namely a lower triangular matrix of Gl n (W p ) 
with identity on the diagonal. 

Proposition 2.11. Let (C,G) be a big action such that G2 — (Z/pZ)™ 7 with n > 1. We keep the 
notation defined above. For all integer d such that 1 < d < n, we denote by Ad the ¥ p -subvector 
space of A generated by {fi(X), 1 < i < d}. Let Hd be the orthogonal of Ad with respect to the 
Artin-Schreier pairing, namely the ¥ p -subvector space of G2 spanned by {gi, d+1 < i < n} if d < n 
and H n = {0}. Then, the pair (C / Hd,G/Hd) is a big action such that {-§-^)2 = It follows that 

|^-| = I (G/Hah I an< ^ ^ la ^ ^ e exac t sequence 

— >G 2 — >G^V — >0 

induces the following one: 

— » (G/Hdh * (Z/ P Z) d — » G/H d V — 

Proof: Since p(V) C T 1 tl n (F p ), Ad is stable under the action of p, that is to say under the translation: 
X — > X + y, with y 6 V. By duality, H4 is stable under the action of cf>, i.e. by conjugation by 
the elements of G\. It follows that Hd is a subgroup of G2, normal in G\. In this case, [MR08 
(see Lemma 2.4 and Theorem 2.6) implies that the pair (C/Hd, G/Hd) is a big action with (7^)2 = 
C The claim follows. □ 

rid rid 

Corollary 2.12. Let (C, G) be a big action such that G2 — (Z/pZ)", with n > 1. Let the functions 
fi{X) G k[X] be as in section 2.3.1. Then, fi(X) = X S±(X) + cX , where Si G k{F} is an additive 
polynomial. Furthermore, after an homothety and a translation on X, one can assume that Si is 
monic and c = 0. 

Proof: The function field of the curve C/Hd, as defined in Proposition 2.11, is parametrized by 
the d Artin- Schreier equations: Wf — W% = fi(X), with 1 < i < d. In particular, for d = 1 
{C I Hi, G I Hi) is a big action whose second lower ramification group has order p. Then, [LM05 
asserts that fi(X) — X Si(X) + cX in k[X], where Si G k{F} is an additive polynomial. □ 
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2.5 Characterization of the trivial representation. 

To conclude this section, we give a characterization of the case where the representation p or <f> is 
trivial. 

Proposition 2.13. Let (G, G) be a big action such that G2 — (Z/pZ) n , with n>l. 
When keeping the notation defined above, the following assertions are equivalent. 

1. The representation is trivial, namely 4>(V) — {id}. 

2. The second ramification group G2 is included in the center of G\. 

3. The representation p is trivial, i.e. 

Vi€{l,---,n}, VyeV, f i (X+y)-f i (X)=0 mod p(k[X\) 

4- For all i in {1, • • • , n}, the functions fi read: fi{X) = X Si(X) + a X mod p{k[X]), where Si 
is an additive polynomial of degree Sj > 1 in F . Write Si(F) = X]^Lo a i-j ^ J with a,i >Si ^ 0. 
Then, following 'E1991 (section 4), we can define an additive polynomial related to fi, called 
the "palindromic polynomial" off: 

Ad h := — F s >(jr a itj F 3 + F~ 3 a id ). 

In this case, 

n 

Vcf]Z(Ad fi ) 

z=l 

The proof of this proposition requires a preliminary lemma. 

Lemma 2.14. When keeping the notation defined above, CXy^yKer (4>(y) — id) = Z{G\) H (?2- 

Proof of Lemma 2.14: Consider g in G2. Then, g lies in Hy^yKer (<p(y) — id) if and only if 
4>{y){g) — g for all y in V . For all g\ in G, put y\ := By definition, the equality <fi(yi)(g) = g 

means that g^ 1 g g\ = g. This proves the expected formula. □. 

Proof of Proposition 2.13: The equivalence between the first and the second assertion derives 
from Lemma 2.14. As the equivalence between the first and the third point comes from the duality 
of cj) and p (cf. Proposition 2.2), the only point that has to be explained is the equivalence between 
the last assertion and the three preceding ones. 

For all i in {l,- - ,n}, the function field of the curve Wf — Wi — fi(X) is a p-cyclic etale 
cover of the affine line, whose Galois group is denoted by Hi. Then, Hi is an index p-subgroup 
of G2. Besides, if the second point is satisfied, G2 is included in Z(Gi), which implies that Hi 
is normal in G\. From [MR08] (see Lemma 2.4 and Theorem 2.6), we infer that (C/Hi,G/Hi) 
is a big action whose second ramification group {G/Hi) 2 — G2/Hi is p-cyclic. By LM05J (see 
Prop. 8.3), fi(X) = Cl X + XSi{X) mod p(k[X]), with Si G k{F }. In addition, V is includ ed in 
Z(Ad fi ). Conversely, if fi(X) = X Si(X) + CiX, then it follows from Proposition 5.5 in [LM05j that 
Z(Ad fi ) = {ye k, fi{X + y)- f l {X) = mod p(k[X]) }. Thus, the third point is verified. □ 

3 The link with the /c-algebra generated by additive polyno- 
mials. 

The purpose of this section is to highlight the role played by the fc-algebra generated by the additive 
polynomials in the parametrization of big actions with a p-elementary abelian second ramification 
group. 

3.1 The A>algebra generated by additive polynomials. 

Definition 3.1. We define Si as the k-subvector space of k[X] generated by 1 and by the additive 
polynomials of k[X\. More generally, for any n > 1, we define £„ as the k-subvector space of k[X] 
generated by 1 and the products of at most n additive polynomials of k[X\. For n = 0, we put So = k 
and for n < 0, we put S„ = {0}. 
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Remark 3.2. 1. For n > 1, i/iis definition means that f is a polynomial of E„ z/ and onfo/ if 
there is a way to write f as a linear combination over k of products of at most n additive 
polynomials. 

2. The sequence (E„)„ e z enjoys the following properties: 

(a) 1 G S 

(b) For all integer n in "L, E„ C E„ + i 

(c) For all integer m and n in Z, E m E„ C E m+ „. 

In particular, the sequence (E„) ne z is an increasing ring filtration of k[X]. 

For a given / in k[X], we search for the minimal integer n such that / belongs to E„. It requires 
the introduction of the order function related to the ring filtration. 

Definition 3.3. Let a be an integer whose p-adic expansion reads: a = oq + a\ p + 02 p + ■ ■ ■ + atp t , 
with teN and < aj < p — 1, for all i G {0, 1, 2, • • • , t}. We define the integer S p (a) G N as the 
sum of the digits of a, namely: 

S p (a) := a + ai + a 2 + • • • + a t . 

Remark 3.4. For all integer m in N, S p (m) = (p— 1) v p {m\), where v p denotes the p-adic valuation. 
We gather that, if m\ and m,2 are two non-negative integers , S p (m\ + m,2) < S p (m\) + S p (m2). 

Lemma 3.5. We keep the same notation as above. Let a G N and n G N. Then, the monomial X a 
lies in E„ if and only if S p (a) < n. It follows that inf{n G N, X a G E„} = S p (a). 

Proof: Assume that X a G E„. It means that X a is a linear combination over k of monomials 
of the form X^ 1 +p 12 ^ ^p" 11 5 with t < n and 71 < 72 < • • • < 7t • It follows that a also reads 
a = p ai + p a2 + • • • + p at with t < n and a\ < 012 < ■ ■ ■ < at- Therefore, Remark 3.4 implies 
S p (a) = S p (p a i + P a * + ■ ■ -+ P at ) < S p (p a i) + S p (p a *) + ■■■ + S p ( P at ) =t<n. 

Conversely, we suppose that S p (a) < n and prove the result by induction on n. If n = 0, then 
S p (a) = and X a = X Q = 1 G E . We now assume that the property is true for n and suppose 
that S p (a) < n + 1. If S p (a) = n, then, by induction hypothesis, X a G E„ C E„ + i. Otherwise, 
S p (a) = n + 1 and there exists an integer ai in the p-adic expansion of a such that a, > 1. Put 
b := a -p\ As S p (b) = n, the hypothesis implies X b G E„, hence X a = X b X^ G E„+i. □ 

Definition 3.6. Let f be a nonnull polynomial of k[X] such that f(X) = ^2 aeN c a (f) X a . We 
define 

d p {f) := max {S p (a)} 

Ca(/)#0 

By convenience, put d p (0) := —00. 

Lemma 3.7. Let f and g be polynomials of k[X\. Let neZ. We keep the same notation as above. 

1. f G E„ if and only if d p {f) < n. In other words, f(X) — X)aeN c a(f) X a G E„ if and only if, 
whenever S p (a) > n, c a (f) = 0. 



/// is non identically zero, d p (f) = inf{n G Z, / G E„}. 
d P (f) = -00 if and only if f G n„ eZ E n = {0}. 
d P (fg)<d p (f) + d p (g). 
d P (f + g) < sup{rf p (/), d p (g) }. 

d p (F(f j) — d p (f), where F means the Frobenius operator. 

Let S(X) G k[X] be an additive polynomial. Then, d p (f(S(X) j) — d p (f(X)). 



In particular, d p is the order function of the ring filtration defined by the (E„)„ e z. 

Proof: Most of the properties can be deduced from Remark 3.4 and Lemma 3.5. The last one is 
left as an exercise to the reader. □ 
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Definition 3.8. Let f be a polynomial of k[X]. Let y G k. We define the operator A y as follows: 
A y (f):=f(X + y)-f(X). 

One checks that this operator enjoys the following property: 

Lemma 3.9. For all y in k and for all n € Z, A y (T, n+ i) C £„. 

Remark 3.10. Although d p (A y (X a )) — d p (X a ) — 1, for all y ink — {0} and all a in W , one can 
find some polynomial f in k[X] and some y in k — {0} such that d p (A y (f)) ^ d p (f) — 1. It means 
that for n>2 and for y ink — {0} ; A y (S n+ i — S„) is not always included in E„ — S„_i. 

3.2 Notation and preliminary lemmas. 

We begin by recalling some notation and proving some lemmas useful for the proof of next theorem. 
Let (C, G) be a big action such that G 2 — (Z/pZ) n , with n > 1. We call condition (N) the inequality 
satisfied by big actions, namely: ^ > ^y. We fix an adapted basis of A: {fi(X), ■ ■ ■ ,f n (X)}, 
as constructed in Definition 2.3 and assume that the functions fi{X) are reduced mod p(fc[A]) 
(see definition in section 1). We denote by rm the degree of fi{X). As recalled in Corollary 2.12, 
fi(X) = X Si(X) + ci X, where Si € k{F} is an additive polynomial with degree si > 1 in F. In 
this case, the palindromic polynomial Adf 1 related to f\ is defined as in Proposition 2.13. Besides, 
the function field L := k(C) is parametrized by the n Artin-Schreier equations: Wf — Wi = fi(X), 
with 1 < i < n. We denote by p the representation from V to Aut(A) defined in section 2.2. In the 
adapted basis fixed above, the automorphism p(y) is associated with the unipotent matrix: 



(l 
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Lemma 3.11. We keep the notation defined above. The dimension of the ¥ p -vector space V satisfies 
v < 2 si and p v > m n + 1. In particualr, 2<si + l<u<2si. 

Proof: The inclusion of V in Z(Adf 1 ) first requires v < 2s\. On the one hand, \G\ = p n+v . On 
the other hand, Corollary 2.7 implies: g = 2§± ^"=1 P^ 1 ( m i ~ !) > ^P"" 1 (™« - 1)- Thus, 
^ < m -1 ■ The inequality p° < m n — 1 would contradict condition (N). Therefore, since m n 
is prime to p, we obtain p v > m n + 1. It follows that p v > m n > mi = 1 + p Sl and v > s\ + 1. □ 

Lemma 3.12. Let f(X) -—^Z a (z K c a {f)X a be a polynomial in p(k[X\) . Fix a G N — pN and define 
I ao : ~ { a oP n , n G N}. T/ien, i/ie polynomial f ao (X) := J2 a ei c a(f)X a also lies in p(k[X]). In 
particular, if f ao (X) is non identically zero, then p divides its degree. 

Proof: The Frobenius operator F acts on the basis (A a ) a£ N of k[X] and this action induces a 
partition of the monomials of namely (X a ) ae i aa , for oq running over {0} U {N — pN}. This 

justifies the first claim. Now, assume that f ao (X) is non identically zero. If / = p(g) with g G k[X], 
then f ao = p(g ao ), with g ao defined as for /. It follows that deg (f ao ) =pdeg (g ao ). □ 

3.3 The link with the parametrization of big actions. 

Theorem 3.13. We keep the notation defined in sections 3.1 and 3.2. 
For all i in {1, • • • ,n} 7 f%{X) belongs to Sj+i. 

Proof: For a fixed n, we proceed by induction on i. As recalled above, fi(X) = XS\(X) + c\ X, 
where Si is an additive polynomial. Accordingly, f\ G S2. We now consider some integer i such 
that 2 < i < n and assume that for all j in {1, ■ • ■ ,i— 1}, fj(X) lies in Xj+i- From the form of the 
matrix L(y), we gather: 

i-l 

VyEV, Ay(fi) := f t {X + y) - MX) = ^ ^(y) f,{X) mod (p(k[X] j) 

j=i 

where for all j in {1, • • • ,i— 1}, Ij^ is a map from V to F p . 

Suppose that fi(X) does not belong to and call X a the monomial of f%{X) with highest 
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degree which does not belong to Ej+i. Note that, by definition of a, a > i + 1. Furthermore, as fi 
is assumed to be reduced mod p(/c[A]), a^O mod p. 

We first prove that p divides a — 1 Indeed, assume that p does not divide a — 1 and apply Lemma 
3.12 to /(A) := A y (fi) - Y.)~Ji £j,i(y) fj( X ) and a :=a-le N—pN. To construct the polynomial 
fa as defined in Lemma 3.12, we first search for the monomials X^ 1 ^ , with r > 0, in A y (fi). If 
r > 0, such monomials come from monomials X b of fi(X) such that b > (a — l)p r > (a — 1) p > a, 
since a>i + l>2> By definition of a, such monomials X b , whose degree is strictly higher 

than a, lies in Si+i. Then, by Lemma 3.9, they generate in A y (fi) polynomials which belongs to 
£j. But A a_1 g E^: otherwise, X a £ XT^i c Si+i, which contradicts the definition of a. We infer 
from Lemma 3.7.6 that no X(° _1 ) p , with r > 0, lies in E*. It follows that no monomial X^ 1 ^ , 
with r > 0, can be found in A y (fi). We now search for the monomial A a_1 . By the same token, one 
can check that the only monomial in fi(X) which generates A a_1 in A y (/j) is X a . More precisely, 
it produces ay c a {fi) A a_1 in A y (fi), where c a (fi) ^ denotes the coefficient of X a in As the 
induction hypothesis asserts that ^j,i(v) fj( x ) lies in Ej, which is the case of none of the 

i we gather that f ao (X) = ayc a {fi) X a ~ x . As p does not divide ao = a — 1, it follows from 
Lemma 3.12 that f ao (X) is identically zero. Since a ^ mod p, this implies that y = for all y 
in V, hence V = {0}. It means that G\ = G2, which is impossible for a big action. Accordingly, p 
divides a — 1. Thus, we can write a = 1 + A p 4 with t > 1, A prime to p and A > i > 2, as A a does 
not lie in Ej_|_i. 

Now, put j := a-p* = 1+(A-1) p* and apply Lemma 3.12 to f(X) := Aj,(/i)-X^-=i ^jAv) f]i x ) 
and ao := jo G N — pN. To construct the polynomial / ao , we first determine the monomials X JoP , 
with r > 0, occuring in A y (fi). If r > 0, such terms come from monomials X b of fi(X) such that 
6 > joP- But jop > a. Indeed, 



J^i , x-t „ x ^ 1-P + P t+1 -1 



JoP < a ^ p (1 + (A - 1) p l ) < 1 + Ap £ A < " Z- = — + ^— < ^— < 2 

p £ (p — 1) p l p — 1 p — 1 

which contradicts A > 2. As explained above, the monomials X b of fi(X), with b > a, produce 
polynomials in A y (fi) which belongs to Ej, whereas A- 70 does not belong to E^. Otherwise, X a = 
X p X^ would belong to E^ + i, hence a contradiction. We gather from Lemma 3.7.6 that no A 3oP , 
with r > 0, lies in Ej+i. It follows that no monomials A JoP , with r > 0, can be found in A y {fi). 
Likewise, for r = 0, the only monomials of fi(X) which generates A 30 in A y {fi) are those of 
the form: A & , with j + 1 < b < a. For all b <E {jo + 1, ••• ,a}, the monomial A 6 of /i(A) 
generates some ( b J y b ~i° X' Ja in A y (/ l ). It follows that the coefficient of X jo in A y (f t ) is T(y) with 

: = ELio+i c b(h) (/ D ) ^ b ^°, where c & (/,) denotes the coefficient of A 6 in / 4 (A). As no A^ r , 
with r > 0, can be found in X)}=i ^j.i(u) fj( x ) which lies in E^ by induction, the polynomial f ao 
eventually reads f ao (X) = T(y)X a °. By Lemma 3.12, f ao is identically zero, which means that for 
all y in V, T(y) = 0. We gather that V is included in the set of zeroes of T. As the coefficient 
of Y a -^ in T(Y) is <*,(/<)(£) = Ca(/i)( 1+ $-i) P «) = Ca(/i)A 7^ mod p, the polynomial T(Y) has 
degree a — jo = p , hence v < t. This leads to a contradiction, insofar as Lemma 3.11 implies: 
P 11 > ™« — 1 > rrii — 1 > a — 1 = Ap* >2p* > p*, which involves: v > t. As a consequence, fi(X) 
does not have any monomial which does not belong to E^+i, which completes both the induction 
and the proof of the theorem. □ 

Remark 3.14. The proof is actually self-contained, since the first step of the induction, namely 
fi G E2, could be obtained without any hint at Corollary 2.12 which requires the use of JLM051. 
Indeed, in the case i — 1, the sum X^=i ^j,i(y) fj( x ) * s replaced by which obviously lies in Ei. 
Using the same argument as in the second part of the proof, it enables us to conclude that f\ belongs 
to E 2 . 



4 A special case of trivial representation. 

This section is devoted to a first special case in which the representation p is trivial or, equivalently, 
each function /j lies in E2 — Ei. The difficulty in solving the general case of trivial representation 
lies in finding the GCD for the family of palindromic polynomials associated to the function fi as 
defined in Proposition 2.13. This could be done by working in the Ore ring of Laurent polynomials 
k{F, F -1 } (see [E199] . section 3, or |Go96j . 1.6). Nevertheless, in what follows, we merely explore 
the simplest case where all the palindromic polynomials are equal. 
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Lemma 4.1. Let (C, G) be a big action such that G 2 — (Z/pZ)™ ; with n > 1. We keep the notation 
defined in sections 2.3.2 and J^.2. Then, the following assertions are equivalent. 

1. The upper ramification filtration of G 2 has only one jump. 

2. The functions fi 's have the same degree, i.e. for all i in {1, • • • , n}, rrii = mi = 1 + p Sl . 

In this case, the representation p is trivial and each function fi reads fi(X) = X Si(X) + c,I G 
£2 — £i> where Si is an additive polynomial with degree si in F. Moreover, V C ni<i<„ Z{Adf i ). 

Proof: Assume that there is only one jump in the upper ramification filtration of G 2 as defined in 
section 2.3.2, namely G 2 = {G 2 f° 2 {G 2 ) Va+l = {0}. The duality between the filiations of A and 
G 2 (cf. Proposition 2.5) implies that this is equivalent to {0} = A^" C A>* 0+1 = A. By Remark 2.4, 
this situation occurs if and only if all the functions fi(X) have the same degree, namely: 1 + p Sl . 
In this case, it follows from Remark 2.8 that the representation p is trivial. Then, the following 
assertions derive from Proposition 2.13. □ 

In what follows, we restrict to the special case: V = Z(AdfA, which means that V has maximal 
cardinality for a given s\, namely \V\ — p 2si . 

Proposition 4.2. Let n > 2. We assume that p{V) = {id} and keep the notation defined above. 
We suppose that v — 2s n . Then, for all i in {!,■■■ , n}, Si — s and V — Z(Adf 1 ). Furthermore, 
there exists an integer d dividing s and some 72, • • • , 7« in ¥ p d — ¥ p such that: 

s/d 

Si=Y, a i dFJd and V«G{2,---,n} S i = li S 1 
3=0 

Moreover, {71 :— 1, 72, • • • , 7„} are linearly independent over F p . It follows that s > 2. 

Proof: As v < 2s± < 2s n , the hypothesis v = 2s n implies that each Si is equal to s\. From now 
on, si = s 2 = ■ ■ ■ = s n is denoted by s. By Proposition 2.13, V C r\i<i< n Z(Adf i ) C Z(Adf 1 ). As 
the two vector spaces V and Z(Adf 1 ) have the same dimension over F p , namely v = 2 s, we conclude 
that Z(Adf 1 ) = V = Z(Adf i ) for all i in {1,- • ■ ,n}. Since k is algebraically closed and since Adf x 
and Adf i are monic, it follows that Adf 1 — Adf { . 

Let i in {2, • • • ,n}. Write: Si — J2k=o a k F k an d Si = J2t=o F h , with a s ^ and b s =/= 0. 
Then, Ad h = ± F s (El= ( a k F k + F~ k a k )) = Ad h = ± F s (El= ( b k F k + F~ k b k )). As for all 

a e k, F a = a p F, we obtain: 7, Efe=o(«f pS+k + a k " F ^ fc ) = ELo( fe f pS+k + K"" pS ~ k )> 
with 7^ a p k = b p k and 74 a v k = b\ , for all < k < s. It implies that "/f = "fi, for all < k < s 
such that a k 7^ 0. In particular, as a s ^ 0, then 7$ £ ¥ p s. If we denote by d the degree of the 
minimal polynomial of 7^ over ¥ p , then ¥ p d := ¥ p (-ji) C ¥ p s, so d divides s. By the same token, 
for all < k < s such that ak 7^ 0, 7^ e F p fc. Therefore, ¥ p d — ¥ p ('ji) C F p fc, which proves that d 
divides k, whenever a^ ^ 0. It follows that S\ = J2 S /=o a jd F^ '. In addition, as 7^ G F p s, we gather 

from b\ — 7^ a p k for all < k < s, that Si = -fi Si. 

Note that {71,- •• ,7«} arc linearly independent over ¥ p . Otherwise, it would contradict the 
condition (c) imposed in Definition 2.3.4. It follows that none of the 7j's, for i > 2, are in F p . So 
s > 2. □ 

We now display a family of big actions satisfying the conditions described in Proposition 4.2. 

Proposition 4.3. 1. Let s e N*, d 6 N* dividing s and n e N* such that n < d. 
Take {71 := 1,72, ■ ■ ■ ,7«} in ¥ p d, linearly independent over ¥ p . 

Put Si := J2 S /=o a i d e k{F}, with a s ^ 0. For all i in {1, • • • , n}, we define Si := -fi Si in 
k{F} andfi(X) := XS l {X) + c l X G k[X]. Then, for alii in {1, - •• ,n}, Z{Ad h ) = Z(Ad fl ). 
PutV := Z(Ad h ). 

2. The function field of the curve C parametrized by: Wf — Wi = fi(X) with 1 < i < n, is an 
etale extension of k[X] with Galois group H — (Z/pZ)™. Then, the group of translations of 
the affine line: {r y : X — > X + y, y G V} extends to an automorphism p-group of C, say G, 
such that: 

— > H ~ (Z/pZ) n — > G — > V — > 
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3. Thus, we obtain a big action (G, G) whose second ramification group Gi is isomorphic to 
{'L/p'L) n and such that the representation p is trivial. Moreover, Z{G) = D(G) = Fratt(G) ~ 
(Z/pZ) n , where Fratt(G) denotes the Frattini subgroup of G and D{G) its derived subgroup. 
Then, G is a special group (see ' L Su86], Def. Besides, if p > 2, G has exponent p, 

whereas, if p = 2, G has exponent p 2 . 

Proof: 

1. Fix i in {1, • • • ,n}. Then, nAd h = ^ T, S /J (ajdF jd + F-^ d a jd ). Since 7i lies in ¥ pd , 
li^d h = ± E S /J {a jdlt Fi d + F-i d a 3dll ) = Ad fi = 7i Ad fi . So, Z(Ad fi ) = Z(Ad fl ). 

2. As Z{Ad h ) = {yek, A y (f) = mod p(k[X})} (see |LM05| . Prop. 5.5), it follows that, for 
all y in V, A y (fi) = mod p(fc[A]). So, Galois theory ensures the existence of the group G. 

3. We deduce from the first point that \G\ = IG^HT^I = p n+2s . We compute the genus of C by 
means of the formula given in Corollary 2.7. This yields: g = (p _ Therefore, ^ = 2 ^_ t . 
So, the pair (G, G) is a big action. 

We now show that Z(G) = D(G). By Proposition 2.13, Z(G) contains G2 which coincides with 
D(G) (see Theorem 2.6 in IMR08I ) . Conversely, let H be an index p-subgroup of D(G). As H C 
D(G) C Z(G), H is normal in G and Lemma 2.4.2 in [MR08] implies that the pair (C/H, G/H) 
is a big action. The curve C/H. is parametrized by an Artin-Schreier equation: W p — W = 
f(X) := YTi=i A * fi( x ), with (Ai, ■ • • , A„) 6 FJJ not all zeros. Condition (c) of Definition 2.3.4 
imposes deg(f ) = maxj=i,... ,n{deg \ fi(X)} = 1 + p Sl . Besides, by Proposition 2.11, we get 
the following exact sequence: 

— > D(G/H) ~ Z/pZ — ► G/H — ► V c* (%/ P Z) 2si — > 

In this case, Proposition 8.1 in [LM05] shows that G/H is an extraspecial group, which involves 
D{G)/H = D(G/H) = Z(G/H). We denote by tt : G -> G/H the canonical mapping. Then, 
tt(Z(G)) c Z{G/H) = D{G)/H. As H is included in Z(G), it follows that Z{G) C D{G). 
Since Z{G) = D(G) = G 2 =± (Z/pZ)" and since D(G) = Fratt(G) for any p-g roup G, we 
gather that G is a special group. Moreover, if p > 2, Proposition 8.1 in LM05] shows that 
G/H is an extraspecial group with exponent p. Then, ir(G) p — {e} and G p is included in H, 
for any hyperplanes H of D(G). It follows that G p = {e}. If p = 2, the same proposition 
shows that G/H has exponent p 2 . It implies that G also has exponent p 2 . □ 

Remark 4.4. In the situation described in Proposition 4-3, — t^tzjw- Note that the latter 
quotient does not depend on s any more. 

Remark 4.5. For any big action (G, G), the group G is included in the wild inertia subgroup 
of Autk(C) at 00, denoted by G^i. Furthemore, Corollary 2.10 in \MR08j shows that the pair 
(C, Goo,i) is a big action with D{G 00 ^\) — D{G). Now, assume that (G, G) is a big action as 
described in Proposition Jj.,3. Then, p 2s = rp^ji < ^(eT^l) — P 2s ■ ^ follows that, in this special 
case, G is equal to Go^i. 

5 The special case: fa in — Sj. 

In this section, we define a filtration on the derived group D(G) of any group G. Then, we investigate 
the case where G is extension of two elementary abelian p-groups and where the number of jumps in 
this filtration is maximal. Knowing that, for a big action, G2 = D(G) (see Theorem 2.6 in [MR08 ), 
we apply these results to the case of big actions with a p-elementary abelian G2. This allows us 
to give a group-theoretic condition to characterize the big actions such that each function /j lies in 
Hj+i — Ej. In this situation, we prove that the filtration on D(G) actually coincides with the upper 
ramification filtration of G2 as exposed in section 2.3.2. and that, as opposed to the previous case, 
the number of jumps in the filtration is maximal whereas the cardinality of V is minimal in regard 
to Lemma 3.11, namely: v = s\ + 1. 

5.1 A filtration on D(G). 

Definition 5.1. For any group G, we define a sequence of subgroups (A,(G))j>o as follows. Put 
Aq(G) := {e}, where e means the identity element of G. For all i > 1, let Hi-i : G — > A G i G \ be 
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the canonical mapping. Then, Aj(G) is the subgroup ofG defined by it i _ 1 (Z( A ^ G j )n,D( A i(G) ))* 



Therefore, 



Z{- 



G 



-)nD( 



G 



Ai_i(G) V A 4 _!(G) ; v Ai_!(G)' 
In this way, we get an ascending sequence of subgroups of D{G): 

{e} = A (G) c Ai(G) C A 2 (G) C • • • C D(G) 

which are characteristic subgroups of G. 

We study the filtation defined above in the special case where G is a p-group with the exact 
sequence: 

— ► D{G) ~ (Z/pZ) n — > G -2-> K ~ (Z/pZ) v — ► (2) 

In other words, G is ap-group whose Frattini subgroup is equal to D(G) ~ (Z/ pZ) n , with n > 1. For 
convenience, we fix a set theoritical section, i.e. a map s : G/D(G) — > G such that ir o s = «o<j/.d(g)- 
We also define a representation : G/D(G) — > Aut{D(G)) as follows. For all j/ in G/D(G) and all 5 
in D(G), cj)(y)(g) — s(y)^ 1 gs(y). As G/D(G) is a p-group, one can find a basis {51, • • • , g n } of the 
Fp-vector space -D(G) in which, for all y in G/D(G), the matrix of the automorphism <fi(y) belongs 
to the subgroup of Gl n (¥ p ) made of the lower triangular matrices with identity on the diagonal, 
namely: 

0\ 
••■ 

eGl n (¥ p ) 

1 
••• C,n-i(y) 1/ 

1}, 4+l,i is a linear form from G/D{G) to F p . 

Proposition 5.2. Let G be a group satisfying @. We keep the notation defined above. Then, the 
following assertions are equivalent. 



/ 1 

4,1(2/) 4.2(2/) 
4,2(2/) 
W(y) 4,2(2/) 

Note that for n > 2 and for all i in {1, ■ • • , n — 



1. The filtration defined by the (Aj)j>o satisfies: 

{e} = A (G) C Ai(G) C A 2 (G) C 
which means, for all i in {1, • • • ,n}, 

Ai(G) „, g , _ „, c; 



C A„ 



■)nfl(- 



D(G) 



Z/pZ. 



Aj-i(G) v Ai_!(G) y Ai_i(G)' 

2. For a// i m {1, • • • ,71}, A^(G) is the ¥ p -subvector space of D(G) spanned by {g n -i+i, 

3. For n > 2 and for all i in {1, • • • , n — 1}, 4+1, i * s a nonzero linear form. 



Proof: We prove that the first point implies the second one by induction on i. Assume i = 1. 
By the same argument as in Lemma 2.14, one proves that Ai(G) = Z(G) l~l D(G) is equal to 
n ye G/D(G) Ker((f)(y) — id). Then, the form of $(2/) shows that ^ y eG / d(G) Ker(<f>(y) — id) contains 
the Fp-vector space spanned by g n . As Ai(G) is assumed to be isomorphic to Z/pZ, it follows 
that Ai(G) = ¥ p g n . Now, take i > 2 and assume that A;_i(G) is the F p -subvector space of D(G) 

is a p-group with the following exact sequence: 



spanned by {g n -i+2, ■ 
D(G) 







Vi(G) 



D( 



,g n }. Then, A ._ i(G) 
G 



Ai-i(G) 



)^(z/ P zy 



G 



Ai_i(G) 



This exact sequence induces a representation : G/D(G) 



G/D(G) ~ (Z/pZ) v 



Aut{ )■ Consider the canoni- 

jTTj-i^n-i+i)}, the matrix $,_i(y) 







D(G) 

of the automorphism <pi^i(y) reads: 



cal mapping: 7Ti_i : D(G) 

( 



In the basis {iTi-i(gi) 



^i-i(y) 



1 



4,1(2/) 
4,1(2/) 
4,1(2/) 
?„-i+i,i(y) 




1 

4,2(2/) 
4,2(2/) 

f„_i + i, 2 (2/) 









£ GZ„_ i+ i(F p 



t n - i+ i, n -i(y) 1/ 
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where the maps £i_j are the same as in $(y). As in the case i = 1, A l( - G ) = ^(g^ ^^^ a- i(G) ) 
is equal to r\ yeG / D ^Ker — id). The latter is the F p -vector space of D( A Y(Gj ) = a^^g) 

generated by 7r i _i(<7 rt _ i+ i). It follows that Ai(G) is the F p -subvector space of -D(G) spanned by 
{g n -i+i, ■ ■ ■ ,g n }- As the second assertion trivially implies the first one, the equivalence between 1 
and 2 is established. 

We now prove that the second assertion implies the third one. Take i > 1. As seen above, 
A Al ^Tgr = f\ V (zG/D{G)Ker (0i_i(y) — i<f) is the F p -vector space spanned by 7Ti_i (c/n— i+i ) . From the 
form of the matrix we gather that £ n ^i + \ tn -i is non identically zero. The proof of the 

converse works by induction on i. If i = 1, the form of the matrix <&(?/), with each £i+\ t i non 
identically zero, implies that Ai(G) = <^ y eG/D(G)^ er (4>(y) ~ id) is the F p -subvector space of D(G) 
spanned by g n . Now, take i > 2 and assume that A^_i(G) is the F p -subvector space of D(G) spanned 
by {gn-i+2, ■ ■ ■ , gn}- By hypothesis, each linear form £i+i t i occuring in is non identically 

zero. It implies that A A ' = r\ y eG/D{G)Ker — id) is the F p -vector space spanned by 

Ki-i{g n -i+i)- We conclude as above. □ 

Remark 5.3. Note that the third condition of the Proposition 5.2 does not actually depend on the 
triangularization basis {g\, ■ ■ ■ , g n } chosen for D(G). 

Proposition 5.4. Let G be a group satisfying (|2]) and the equivalent properties of Proposition 5.2. 
We assume that n > 2. 

1. For all i in {2, • • ■ , n}, there exists A.; s F p — {0} such that li+i.i = Xi £2.1- Therefore, one can 
choose a basis of D{G) in which the matrix $(?/) reads as follows: 



where £ is a nonzero linear form from G/D(G) to F p . 
2. Furthermore, n < p. 

Proof: As G/D(G) is abelian, for all y and y' in V, $(y)$(y') = <&(y')$(y). Then, for all i 
in {1, • • • , n — 2}, the identification of the coefficients situated on the (i + 2)-th line and the i-th 
column in the matrices Q(y)Q(y') and <&(?/ )<&(?/) reads: 

£i+2,i(y) + li+i,i(y') £i+2,i+i(y) +£i+2,i{y') =h+2,i{y') + £i+i,i(y)£i+2,i+i(y') +£i+2,i(y) 

Therefore, for all y and y' in G/D(G), l i+lii (y') £ i+ 2,i+i(y) = l l+ i^{y') £ i+2 ,i+i(y). As £ i+ x ti and 
£i+2.i+i are nonzero linear forms, it follows that Ker£i + i t i = Ker£i + 2,i- Then, £i+\^ and ^+2,1+1 are 
homothctic. It implies that, for all i in {2, • • • , n}, there exists € F p — {0} such that £i+i.i = Aj ^2,1- 
We eventually replace the basis of D(G): (g;)i<i<« with ( j- (?j)i<j<„ and denote £2,1 by £. In this 
new basis, the matrix $(?/) reads as expected and the first point is proved. 

We now work with a basis of -D(G) in which the matrix $(?/) reads as in the first point. We take 
some yo in G/D(G) such that £{yo) 7^ 0. One checks that n is the smallest integer m > 1 such that 
(&(yo) — I n ) m = 0, where I n denotes the identity matrix of size n. But, as G/D(G) has exponent 
p, then ($(y ) - In) p = $(yo) p - In = 0. It follows that p > n. D 

Remark 5.5. In the situation exposed in Proposition 5.2, that is to say in the case where each linear 
form £i+\,i in $(y) is non identically zero, the representation <p is said to be indecomposable, i.e. if 
D(G) = D(G)i ^ D(G)2, where D(G)i and D(G)2 are two ¥ p -subvectors spaces of D(G) stable by 
<p, then the D(G)i 's are trivial (left as an exercise to the reader). Nevertheless, the converse is false, 
i.e. the representation <f> can be indecomposable without the linear forms £i-\-i,i 's being all nonzero. 



( 1 





••• 






1 


••• 





4,1(2/) 


%) 










UM 


1 





VnAy) 


LAy) 


... £(y) 


V 



5.2 A group-theoretic characterization for big actions with G — £j. 

In the sequel, we study the filtration defined by the (Ai(G))i>o in the special case of a big action 
(G, G) whose G2 is p-elementary abelian. Since G2 coincides with D(G) (see |MR08j . Theorem 2.6), 
note that such a group G systematically satisfies condition @ . We now investigate the case where 
the group G satisfies the equivalent properties of Proposition 5.2. In particular, we show that these 
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group-theoretic conditions characterize the big actions with a p-elementary abelian G2 and such 
that each fi lies in Ej + i — Ej. The final section will be devoted to explicit families of big actions 
satisfying these properties. Throughout this section, the notations concerning big actions are those 
fixed in section 3.2. 

Theorem 5.6. Let (C,G) be a big action with G2 — (Z/pZ)™, for n >2, and such that the group 
G satisfies the equivalent properties of Proposition 5.2. Then, p > n + 1 > 3. Furthermore, for all i 
in {1, • • • , n}, rrii = 1 + ip Sl . In particular, fi G Ej + i — Ej. Moreover, v = s\ + 1. In this case, 

\G\ = 2p P n ( P -l) 2 . 2p 

g p — 1 ?ip n (p — 1) + 1 — p n p — 1 

Proof: For a fixed n, we prove by induction on i that for all i in {1, • ■ ■ , n} such that i < p — 1, 
mi = 1 + ip Sl . By the way, we show that n < p — 1. Indeed, we cannot propagate the induction 
when i = p — 1 and n = p. 

The first step of the induction derives from the definition of mi. Then, we consider some integer 
i such that 2 < i < n and i < p — 2 and assume that the proposition is true for all j < i — 1. As 
seen in section 2.4, we can write: 

Vi/eV, :=/ i (X + y)-/ i (X) = ^4 i ( 2/ )/ j (X) mod p(k[X}) (3) 

i=i 

where the maps £j^ from V to F p refer to the coefficients of the matrix L(y). As the group G satisfies 
the third condition of Proposition 5.2 which does not depend on the basis chosen for D(G), it follows 
from Proposition 2.9 and Remark 2.10 that for all i in {1, • • • , n — 1}, each £i^+\ is a nonzero linear 
form from V to F p . 

1 . We first prove that the function fi does not belong to Ej . 

Assume that fi lies in Ej and apply Lemma 3.12 to f(X) := A y (fi) — J2]=\ £j,i(v) /?'P0 
and ao := m.j_i. By induction hypothesis, m^i = 1 + (i — l)p Sl G N — pN. Note that 
X a = x \+(i-i) p >i lieg in _ i We gather from Lemma 3.7.6 that no X a " pr , with r > 0, 

belongs to Ej_i, so none of them can be found in A y (fi) which belongs to Ej_i, as fi lies 
in Ei (cf. Lemma 3.9). Besides, the property c imposed on m, by Definition 2.3.4 implies 
that, for any y in V such that ^ 0, a = m,_i is the degree of X^}=i ^j-Av) fj(X). 

Such an element y exists since is supposed to be a nonzero linear form. It follows 

that, when keeping the notation of Lemma 3.12, f ao (X) = c mi _ 1 (fi-i) li-i.i{y)X aa , where 
c TOi _ 1 (/i_i) 7^ denotes the coefficient of I""- 1 in As p does not divide ao, we gather 

from Lemma 3.12 that f ao (X) is identically zero, which contradicts £i-is(y) ^ 0. Therefore 
fi does not belong to Ej. In particular, as E2 G Ej, /j does not belong to E2. Accordingly, we 
can define an integer a < rrii such that X a is the monomial of fi with highest degree which 
does not lie in E 2 . Since /, is assumed to be reduced mod p(fc[X]), a ^ mod p. 

2. We now prove that a — 1 > 1 + (i — 1) p Sl . 

Assume that a— 1 < l)p Sl and apply Lemma 3.12 to f(X) := A y (fi)— Y^j^i tj,i(v) fj(X) 

and ao := m,_i = 1 + (i — l)p Sl G N — pN. The proof works as above except that we now 
have to determine the monomials of fi which could produce some p-powers of X a " in A y (fi). 
As a — 1 < ao, they must be searched for among the monomials of fi with degree strictly 
greater than a. But, by definition of a, such monomials belongs to E 2 , so give monomi- 
als in A y (fi) which are in Ei, whereas X a " = X 1+ ( i ~ 1 '> pS1 lies in E, - Ej_i, with i > 2. 
Just as in the first point, we can conclude that, for any y in V such that £i-i t i(y) ^ 0, 
f ao {X) = c„ li _ 1 (fi-i) £i-i,i(y)X a ° , which leads to the same contradiction as above. 

3. We show that p divides a — 1. 

Assume that p does not divide a — 1. We first suppose that a — 1 > 1 + (i — l)p Sl and 
apply Lemma 3.12 to f{X) := A y (fi) - J2%\\ ki(v) fj( X ) and «o := a - 1 G N - pN. As 
explained above, the monomials in fi with degree stricly greater than a, produce in A y (fi) 
monomials which arc in Ei. But, as p does not divide a — 1, the monomial X a ~ 1 cannot 
belong to Ei: otherwise, a — 1 = 1, which contradicts a — 1 > 1 + (i — l)p Sl , with i > 2. 
So the only p-power of A a_1 that occur in A y (fi) comes from the monomial X a of it is 
Ca(fi) ay A a_1 , where c a (fi) ^ denotes the coefficient of X a in fi. Besides, A a_1 does not 
occur in X^}=i tj,i(v) fj(X) whose degree is at most 1 + (i — l)p Sl < a — 1. We gather from 
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Lemma 3.12 that f aa {X) — c a {fi) ay X a ° is identically zero. It implies that V — {0}, which 
is excluded for a big action. Accordingly, a — 1 = 1 + (i — 1) p Sl . The equality of the leading 
coefficients in ([3]) implies that for all y in V, ii—i^y) = - aCa ^ y. So the kernel of the 

linear form is reduced to {0} and v < 1, which contradicts Lemma 3.11. Accordingly, p 

divides a — 1. Thus, we can write a := 1 + Xp , with t > 0, A prime to p and A > 2 because of 
the definition of a. 

4. Put j := a — p t = 1 + (A — 1) p* . We prove that jo = 1 + (i — 1) p Sl . 

Indeed, if jo < l + — l)p Sl , then a = jo +p* < 1 + (i — 1) p Sl Using the second point, we 
get: 1 + (i - I) p Sl < a = 1 + Ap* < 1+p* + (i- l)p Sl . If Si - t > 0, it implies (i - l)p Sl_t < 
A < 1 + (i — l)p Sl_t with p Sl_ * £ N, which is impossible. So, Si — t < —1. In this CclSG, clS 
i-l < p, the inequality l + Ap* < l + (i-l)p Sl +p* yields: A-l < (i-l)p Sl ~* < p 1 + a ^~ t < 1, 
which contradicts A > 2. As a consequence, jo > 1 + {i — l)p Sl - 

We now prove that jo = 1 + (i — l)p ai . Assume that jo > 1 + (i — l)p Sl and apply Lemma 
3.12 to f(X) := A y (/() - Ejl 1 ! 4,i(y) /j(JQ and a := j £ N - pN. No p-power of X*° can 
be found in X)}=i £j,i(v) fj(X) whose degree is at most 1 + (i— l)p Sl < jo- It follows that the 
monomials X^ aP have to be searched for in A y (fi). Then, the same argument as in the proof 
of Theorem 3.13 allows to write: f ao (X) = T{y) X* with T{y) := EL, +i c&(/i) (/ ) V h ~ j \ 
where Cb(fi) denotes the coefficient of X b in fi(X). This entails the same contradiction with 
Lemma 3.11 as in the proof of Theorem 3.13. Therefore, jo = 1 + (i — l)p Sl - 

5. We gather that v = t + 1. 

Indeed, since jo = 1 + (i — l)p Sl = deg , the equality of the corresponding coefficients in 
© reads: T(y) = ii-i,i{y) (^^(/i-i), which holds for all y in V. Put f := ^—^7-77- It 

has the same degree as T and satisfies T(y) = li-i^(y) £ F p , for all y in V. It follows that 
T p — T is identically zero on V, so u < t + 1. Using the same argument as in the proof of 
Theorem 3.13, we prove that v < t contradicts Lemma 3.11. We gather that v = t + 1. 

6. We prove that s\ = t. It follows that v = Si + 1 and a = 1 + ip Sl , which requires p > n > 2. 
As j = l + (i-l)p Sl , then a = jo+P* = l + («-l)p Sl +p t . But, a = 1 + Ap* > 1 + 2p*. From 
i — 1 < p, we gather that p* < (i — l)p Sl < p Sl+1 . Therefore, t < si. To prove the equality, 
we focus on the big action (C/Hi, G/Hi) as defined in Proposition 2.11. Since v = t + 1, then 

G/ff;| =p ^ + , ' =p i+t+1 . Besides, as m» > a = j Q +p* = 1 + (i - l)p Sl +p* > 1 +P'' 1 +p*, 



If u := si — t > 1, the lower bound for the genus becomes: 

9C /Hi > {l ^-p t+i ~ 1 (P u + 1) > ^y^P^ 1 " 1 (P + 1) 
This contradicts condition (N) insofar as: 

\G/Hj\ < 2p p' +t 2p p 2p 



9C/Hi P - 1 P l 1+t (P + 1) p - 1 p + 1 p - 1 

Therefore, si — t, so v = si + 1 and a = 1 + (i — l)p Sl + p* = 1 + ip Sl . Note that we find: 
A = i. As A is supposed to be prime to p and as 2 < i < n and i < p — 1, it requires that 
p > n > 2. 

We conclude that m, = a = 1 + ip Sl . 

Assume a < m^. Then, by definition of a, there exists an integer r > such that Wj = 1 +p r . 
Thus, we get: m, = 1 +p r > a = 1 + ip Sl > 1 + 2p Sl . As p > 3, this implies r > s% + 1. We 
gather a new lower bound for the genus of C/Hi, namely: 

9c/h, > ^y^ (P S1 +P 1 - 1 (m, - 1)) = (p Sl +p- 1+ '') > (1 +p l+Sl ) 

As - p l + s i +1 , it follows that < < j^ij, which contradicts condi- 

tion (N) for the big action (C/Hi, G/Hi). Accordingly, m, = a = 1 + ip si , which completes 
the induction. 
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To conclude, we compute the genus by means of Corollary 2.7, namely g = p Sl np 7~jp — ■ 
It follows that 

\G\ = 2p p"(p-l) 2 > 2p p n (p-l) 2 ^ 2p Q 

g p — 1 np" (p — 1) + 1 — p™ — p — 1 p" (p — l) 2 + 1 — p" p — 1 

Corollary 5.7. Lei (G, G) 6e a 6«c? action as in Theorem 5.6. Let Goo,i &e i/ie uraZd inertia subgroup 
of Autk{C) at oo. Then, G is equal to God. 

Proof: As before, we denote by L the function field of C and by k(X) the subficld of L fixed by 
D(G). By [MR08j (Corollary 2.10), the pair (G, G^i) is a big action such that D{G oc .i) = D{G). It 
follows that G/D(G) is included in G '^i / 'D(G 00,1) j both of them acting as a group of translations of 
Speck[X}. In the same way as we define the representation <f> : G/D(G) — ► Aitt(D(G)) in section 2.2 
(or more generally in section 6.1), consider a representation from Goo t i/ D{G 00t i) to ^lu^Gc^i). 
Fix an adapted basis of A and then, by duality, a basis of D(G) in which, for all y in G/D(G) the 
matrix <I>(j/) of the automorphism <f>{y) is lower triangular. For all y in Goo t i/ D{G 00t \), call $(y) 
the matrix of the automorphism 4>(y) in the same adapted basis. When restricted to G/D(G), the 
two matrices coincides, i.e. if y lies in G/D(G) C G 00j i/i)(G 00! i), <&(?/) = §(y). As a consequence, 
the group Goo 1 also satisfies the third condition of Proposition 5.2. Therefore, by Theorem 5.6, 

|zjfGW)| = s l + 1 = 1 15(G) I ■ S °' G = G °o,l- □ 

We conclude this section by showing that the big actions (G, G) such that G satisfies the equiv- 
alent properties of Proposition 5.2 are exactly those with fi S Si+i — £j. 

Theorem 5.8. Let (G, G) &e a big action with G2 — (Z/pZ)™ 7 for n > 2. ITe fceep i/ie notation 
defined in sections 4.1 and Then, the following assertions are equivalent. 

1. For all i in {1, • • • , n}, the function fi lies in Ej+i-Ei. 

2. The group G satisfies the equivalent properties of Proposition 5.2. 

In this case, n < p— 1, = l + ip Sl /or all i in {1, • • ■ , n}, v = s\ + l and ^ = ^^^^ ■ 
Moreover, the upper ramification groups 0/G2 coincide with the subgroups A^(G) studied in section 
5.1. More precisely, following the notation of section 2.3.2, (G2) Ui = A„_i(G) /or aZH in {0, • • • ,n}. 

Proof: The implication from 2 to 1 comes from Theorem 5.6 which also shows that, in this case, 
n<p-l,rm = l + i P s \ for all i in {1, • • • ,n}, v = 8l + 1 and if - = p- x np f {p %%_ pn > j^. 
Conversely, assume that the second assertion is satisfied. We prove by induction on i that, for all 
i in {1, • ■ ■ , n — 1}, the linear form ^j+i is nonzero. Then, by Proposition 2.9, Remark 2.10 and 
Remark 5.3, we gather that the group G satifies the third condition of Proposition 5.2. We first 
study the case i — 1 and consider the big action (C/H2,G/H 2 ), as defined in Proposition 2.11, 
i.e. the big action whose curve C/H2 is parametrized by Wj — Wj — fj(X), with 1 < j < 2. 
By hypothesis, f 2 does not lie in £2- We infer from Proposition 2.13 that the representation p 
associated with (C/H2, G/H%) is non trivial. Then, the linear form tx$ is nonzero. We now take 
i > 2 and assume that the property is true for all j < i. It means that, for all i in {1, — 1}, 
the linear form (jj+i is nonzero. Then, by Theorem 5.6, for all j in {1, • • • , i — 1}, mj = 1 + j p Sl 
and v = Si + 1. We now write condition (TV) for the big action (C/Hi + i,G/Hi + i) as defined in 
Proposition 2.11, that is to say the big action parametrized by Wj 1 — Wj = fj(X), with 1 < j < i + 1. 

As \G/H i+1 \ = P v+l+1 = P Sl+l+2 and g ClIi+1 = ^ {(£$ =1 JP 31 ^- 1 ) + P l (m l+1 - 1)}, we gather 
that the inequality ■ > is equivalent to the following condition on m^+i: 

i i 

<p Sl+1 -(^jp Sl+ ^ 1 - l ) + l=p Sl (p-l)+^(p-0- + l))p Sl +^ 4 - 1 + (p-l)p Sl ^ + l (4) 
j'=i i=2 

We now assume that is the null linear form. Then, for all y in V, A y (fi) — £}=i £j.i+i(y) fj(X) 
mod p(k[X]). This ensures that the function field of the curve C : W? — Wj — fj(X), with 
1 < j < i + 1 and j ^ i, is a Galois extension of k(X) whose group 7i is isomorphic to (Z/pZ)' and, 
as usual, the group of translations by V extends to an automorphism group of C, say Q, with the 
following exact sequence: 

— >n — >g — >V — >0 
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We compute the quotient ^. As \G\ = p s ^+ l + l and g c = ^ {(E}=i 3P Sl+J ) + P {m+i - 1)}, 

one can check that — > -^V if and only if 

gc p-l J 

i-l i-2 

m l+1 < - ^ JP S1+J - 1 + 1 = p Sl {p - 1) + ^ {p - (j + l))p Sl+] - 1 + (p - l)p Sl - 4+1 + 1 (5) 

i=i i=i 

The condition |5j) is verified since it is implied by ((4|). It follows that {C,Q) is a big action. By 
Theorem 3.13, it implies that the i-th function: /j+i, lies in Sj+i, which contradicts the hypothesis 
/i+i G Si + 2 — Therefore, is a nonzero linear form, which completes the induction and 

prove the equivalence between 1 and 2. 

We now prove the last statement on the upper ramification filtration of G 2 . Starting from a 
given adapted basis of A: {fi(X), • • • , /„(X)}, we get, by duality with respect to the Artin-Schreier 
pairing, a basis of G 2 , say {g±, ■ ■ ■ , g n }. As proved, for all i in {1, • • • , n}, rrii — 1 + ip Sl , the 
jumps in the upper ramification of A, as defined in section 2.3.1, are: pn = m.; + i = 1 + (i + l)p Sl , 
for alH in {0, • • • , n - 1}. Put fi n := 1 + m n . The n, A ^ = { 0} and, for all i in {1, • • • , n}, A^ 
is the Fp-subvector space of A generated by fi(X), ■ ■ ■ ,fi(X). By duality (see Proposition 2.5), 
(G 2 ) Vn = {G 2 Y n = {e} = A (G) and, for all i in {0, • • • , n- 1}, (G 2 ) Vi = {G 2 )^ is the F p -subvector 
space of G 2 generated by <?i+i, • • • , g n , which is precisely A„_i(G), as seen in Proposition 5.2. □ 



6 Examples. 

We conclude this paper with some examples illustrating the special case of big actions described in 
Theorem 5.8, namely the big actions (C, G) with a p-elementary abelian G 2 such that each fi lies 
in £j + i — Note that Theorem 5.8 is twofold: on the one hand, it gives a group-theoretic char- 
acterization of G (cf. 5.8.2) and, on the other hand, it displays a dual point of view related to the 
parametrization of the cover (cf. 5.8.1). When studying the special family explicitely constructed 
via equations in Proposition 6.1, the second point of view naturally dominates in the proof. On the 
contrary, when exploring a universal family as in section 6.2, we are lead to combine both aspects. 



Notation. The notations concerning big actions are those fixed in section 3.2. Moreover, let 
W(k) be the ring of Witt vectors with coefficients in k. Then, for any a G k, we denote by a the 
Witt vector a := (a, 0, 0, • • • ) G W{k). For any S(X) := £- =0 cr* X i G k[X], we denote by S(X) the 
polynomial £i =0 <?i X * G w ( k ) [ X ] ■ 



6.1 A special family. 
6.1.1 Case si = 1. 

Let p > 3 and 1 < n < p — 1. We first exhibit a special family of big actions (C, G) which satisfy 
the conditions of Theorem 5.8 with si = 1 and so, v = dirrif V — 2. We shall distinguish the cases 
n < p ~ 1 and n = p — 1. When investigating the properties of the corresponding group G, we show, 
among others, that G is a capable group (see Definition 6.8) as studied by 1 la ll)j and [BT82 . 

Proposition 6.1. Let p > 3. Let S(X) := p(X) and Q(X) := p(S(X)). Call V the ¥ p -vector space 
V consisting of the set of zeroes of the polynomial Q. Then, V ~ (Z/pZ) 2 . 

1. Let n in {1, • • • ,p — 2}. For all i in {1, • • • , n\, we denote 

s(xy +1 



9i(X) := 



(i+1)! 



Let fi := red(gi) be the reduced representative of gi, as defined in the introduction. Let C[n] 
be the curve parametrized by the n Artin-Schreier equations: Wf — Wi — fi(X), for 1 < i < n. 
Let K n := k(C[n\) be the function field of C[n] and H[n] ~ (Z/pZ)™ be the Galois group of 
K n /k(X). Then, the group of translations of the affine line: {r y : X —> X + y, y G V} extends 
to an automorphism p-group of C[n], say G[n], such that we get the exact sequence: 

— > H[n] ~ (Z/pZ) n — > G[n] — ► V ~ (Z/pZ) 2 — > 



In this case, the pair (C[n],G[n\) is a big action with G[n] 2 — (Z/pZ)". Moreover, this big 
action satisfies the conditions of Theorem 5.8 with s\ = 1. 
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2. We now study the case n = p — 1. We define g p _i(X) G k[X] as the reduction mod p of the 
polynomial 

^ ((x p - xy - x p2 + x p ) e w(k)[x] 

Let f p -i be the reduced representative of g p -i- Let C[p — 1] be the curve parametrized by the 
p—1 Artin-Schreier equations: W[ — Wi= fi(X), for 1 < i < p — 1, where the p — 2 first fi 's 
are defined as in the first case. Let K p -\ := k(C[p — 1]) be the function field of C[p — 1] and 
H[p — 1] ~ (Z/pZ) p_1 be the Galois group of K p ^i/k(X). Then, the group of translations of 
the affine line: {r y : X — > X + y, y G V} extends to an automorphism p-group of C\p — 1], 
say G[p — 1], with the following exact sequence: 

— ► H\p - 1] ~ (Z/pZf- 1 — ► G[p - 1] — ► V ~ (Z/pZ) 2 — > 

In i/iis case, the pair {C[p— 1], G[p— 1]) is a &zg action with G\p— 1]2 — (Z/pZ) p_1 . Moreover, 
this big action satisfies the conditions of Theorem 5.8 with s\ = 1. 

Proof: Using Proposition 2.11, we first observe that the second case implies the first one, when 
excluding the last equation: — W p -\ = / p _i(A). Therefore, it is sufficient to prove the second 

point. 

Fix y G V. We begin by calculating A v (gi) for 1 < i < p — 2. So, take i in {1, • • • ,p — 2}. One 
first shows that 

A y ( 5l ) = y 4 (A + „) - ff< (X) = £ 5j (X) + + ^f- S(X) 

where the first sum is empty when i = 1. Since lies in ¥ p for all y in Z(Q) = V, one gets: 

A ^5«) = E tKt + 9i{v) + Pi^f- x). 
J= i \ % 3>- % - 

As k is an algebraically closed field, gi(y) = mod p(k[X]). We gather that A y (gi) = mod 
p(k[X}) and that, for alH in {2, • • • ,f>-2}, A^;) = X)j=i tj,i(v) 9j( x ) mod p(fc[A]) with ^(y) := 
S (iljy. G IFp- Since Pi(A) — /i(A) lies in p(fc[A]) and since each £j,i(y) belongs to ¥ p , it follows that 

Vi e {1, • ■ ■ ,p - 2}, A y (fi) = E ^(y) /jffl mod p(fc[A]) with ^(y) := ^jP^ 

j=i ^ 

Now fix y in V and calculate A y (g p ^i). As A p — X = S(X) mod p, we first notice that 
(X p — X) p = S(X) P mod p 2 W(k) [X] . It follows that g p -i can also be seen as the reduction mod p of 
the polynomial: ^ (S(X) p -X p2 +X P ) G W(k)[X}. By the same token, fromS(A+y) = S(X)+S(y) 
mod p, we gather that S(X + y) p = (5(A) + S(y)) p mod p 2 W{k)[X]. It follows that 

S(A + y) p - S{X) P - S(y) p = ]T W 5(A) 1 S(y) p ^ mod p 2 IU(fc) [A] 

i= 1 ^ ' 

Likewise, 

(A + yf — X p — y p -{X + yf + X p " + y p " = ^ ( P ) (X* 5""' - y p(p ^ } ) mod VK(fc) [A] 

i=l 

Then, we obtain the following equalities : 

-(S(X + y) p - S(X) P - S(y) p + (X + yf - X p - y p - (A + yf + X p " + j?) 
p\ 

= E i^y.fTW + §^9^ } + g f (X'y^-X^y^) mod ^)[A] 
= E f^lfr^ + fz9 W + E T 1 ^^"^^') mod ^ (fc )[A] 
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yytfc) ► k 

since the kernel of the map:< , x is pW(k). From S(y) G Fp , we infer: 

L (a , a\, ■ ■ ■ ) — > a 

A,(g P -i) - E (p W z _ 1} , ftPO + P(^ I y [ *) + P(E M— ^irO+flp-iG/) 

,„;tv, yf. . — 

(p-l-i)! 



It follows that A y ( 3p _!) = ^=1 ^,p-i(2/)<?iP0 mod p(k[X}), with £ i>p _i(t/) = t^Stt e F p . 
Since - /» G p(fc[X]) and £ lyP -i(y) G F p , 



p-2 



A 9 (/ P -i) = ^Vi(!/)/iW mod p(fc[I]) with £ ilP _i(y) 



S(tf) 



p— 1 — 2 



(p-l-i)! 



By Galois Theory, this ensures that the group G[p — 1] is well-defined. Furthermore, it is easy to 
check that for all i in {1, • • • ,p — 1}, deg fi = 1 + ip. In this case, the same computation as in 

the end of the proof of Theorem 5.6 shows that = j3[ ( p _i) p p-i (p P ~i)+i~pp- 1 > which proves 

that the pair (C[p — 1], G[p — 1]) is a big action. To conclude, note that for all i in {1, • • • ,p — 2} 
and for all y in V, ii,i+i{y) = S(y), which proves that l^i+i is a nonzero linear form from V to F p . 
Therefore, because of Remarks 2.10 and 6.3, G[p — 1] satisfies the third assertion of Proposition 5.2 
and then the conditions of Theorem 5.8. □ 

Remark 6.2. The preceding proof shows that, in the case of Proposition 6.1, 

s( y y- j 



Vt/G V, Vie{2,--- ,p-l} and V j G {!,•■■, i - 1}, ^(y) 



(i-i)l 



It follows that the matrix L(y) defined in section 2.4 reads: L(y) = exp{S{y) J) — Y^i=o ^ S ^ V J J ^ 
where J is the n x n nilpotent matrix: 



(0 


1 





... o 


\ 








1 


... o 













... o 













1 




\o 











/ 



J := 



Proposition 6.3. Let (C[n],G[n\) be the big action described in the first point of Proposition 6.1, 
i.e. with n < p — 1. The notations are those introduced in Proposition 6.1. 

1. Let a in G[n\. Let y in V such that y := cr(X) — X. Then, 

a[W] =* L( y )[W]+X[n(y)} + [Z(y)} 

where t L(y) denotes the transpose matrix of the upper triangular matrix L(y) defined in section 
2.1, [W] :=* [W 1 ,---,W n ], [R(y)} :=« [%),•••,«], and [Z{y)\ :=* [Z^y), ■ • • , Z n (y)}, 
where, for all i in {1, • • • , n}, Zi(y) is an element of k which satisfies p(Zi(y)) = 9 i(y). 

2. The group G[n] has exponent p. 
Proof: 

1. For the need of the proof, it is more convenient to work with the non-reduced functions, namely 
the functions g^s. However, we still write the equations: Wf ~Wi — gi(X), without changing 
the notation of Wi. As seen in the proof of Proposition 6.1, 

i-l 

My G V, Vi G {1, • • • , n}, A y ( 9i ) = £ l,M 9j {X) + 9i {y) + p(P,(X, y)) 

3=1 

where the sum on j is empty for i = 1 and where Pi(X,y) := S ty X. From Wf — Wi — 
gi(X), we infer that a(Wf - W l ) = a( 9i (X)) = A v ( gi ), which implies p{a{W l )) = p(W l + 

IjM W,+X%f-+ 9l (y)). Therefore, for all i in {1, • • • , n}, 

a{W i ) = Wi + E *M W 3 + X + Zi(y) 

3=1 % - 

where Zi(y) is an element of k such that p(Zi(y)) — gi(y). Using the vector notations of the 
proposition, we thus obtain the expected formula. 
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2. To prove the second assertion, we compute cr p [VF]. An induction shows that: 

o*[w\ - cmrm + xC£ cm) 1 ) m)] 

i=0 

p-2 p-1 

+y (£(p-i-l) CL(y)Y) [K(y)\ + (£ (*L(y))') 

1=0 4 = 

We first notice that ( t L(y)) p is equal to the identity matrix J, since t L(y) — I is nilpotent of size 
n < p- 2. Moreover, by Remark 6.2, = exp(J(y)) = J27=o where J(y) := S(y) * J. 

Accordingly, 

ECoC^))' = E£ 1 exp(iJ( y )) 

— T -L X^P^ 1 v^™-l (iJ(y)Y t _i_ ■r^™" 1 J fa) J Y^P- 1 

= / + (ED 1 <°) / + E?=i JJ f EL"i * j 

= e;=i ^ Er=i ^ ™<i P 

But one easily checks that Af(j) := Ef=i ^ = m °d p for all j in {1, • • • ,p — 2}. Since 
n — 1 < p — 3, we gather that Ei=o = m °d p. 

To conclude, the last sum to compute is 6 := Ef=o (P — * — 1) Likewise, one shows 

© =ECo(P-*-l)exp(iJO/)) 

= (p - 1 ) i + Er= i 2 (p - « - 1 ) e?=o ^ 

= (p - 1) J - ECi 2 (* + 1) J - E^ 1 « (Ed 1 (i + 1) * J ) ^d p 

= (p - 1) j - (aa(i) - 1) / - e;^ 1 « aao-) - e; =2 ^fM'(j) mod p 

Since A/"(j) = when 1 < j < n < p - 2, it follows that YaZq (p - i - 1) CHy)) 1 = mod 
p. As ct p (A) = A + py = A mod p, we gather that the order of a divides p. Therefore, the 
group G[n] has exponent p. □ 

Proposition 6.4. Let (C[p— 1], G[p— 1]) be the big action described in the second point of Proposition 
6.1, i.e. with n = p — 1. We keep the notations introduced in Proposition 6.1. For all y in k, we 
also define T(X, y) := YJlZl x ' V v '\ i-e- the reduction mod p of ±{(A + y) p - X p - yP} G 

W(k)[X}. 

1. Let a in G[p — 1]. Let y in V such that y := o~(X) — A. Then, 

a[W] =* L(y)[W] + A [K{y)\ + [Z(y)\ + [T(A, y)] 

where t L(y) denotes the transpose matrix of the matrix L{y) defined in section 2.4-, 

[W] :=* \W U ... ,W P ^], [R(y)} :=* [-M • • • , ^1], [T(A, y)] =* [0, 0, • • • , 0, T(A, y)] and 

[Z{y)\ :=* [Zi(y), • • • , Z p _i(y)] where, for all i in {1, • • • , n} 7 is an element ofk satisfying 

p{Z l {y)) = 9i{y)- 

2. Let a G G[p — 1] as in the first point. Then, if y ^ 0, cr /ias order p 2 . Otherwise, the order of 
a divides p. In particular, the group G[p — 1] has exponent p 2 . 

Proof: 

1. The proof of the second point of Proposition 6.1 shows that 

p-2 

Vy G V, &y{g P -i) = e 3,P-i(v) W j + p(P P -i(X,y)) + ffp _i(y) 
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where 

P (Y \ Y i Y i p ~ i S ^ Y 4- T( Y ^ 

P p _ 1 (X,y):=j—^ X + ^ X yP = ^—^ X + T(X, y) 

The same calculation as in the proof of Proposition 6.3 yields: 

*{W p -x) - W p _i + J2 k P -i(y) Wj + X + T(X, y) + Z v _ x {y) 

where Z p _i(y) is an element of k such that p(Z p _\(y)) = g p _\(y). The formula of the first 
point then derives from the vector notation together with the expression of the others a(Wi), 
for 1 < i < p — 2, obtained in Proposition 6.3. 

2. We now calculate er p [VF]. As in the previous proof, an induction shows that: 

p-1 p-2 

o*[W] = CL(y)) p [w] + x(J2 CL(y)T) [K(v)] +!/(E(p-»-i) Cm) 1 ) [n{y)\ 

p—1 p—1 

+(£ CL(y)y)[Z(y)}+J2[nX + ly ,y)} 

4=0 j=0 

Still as in the proof of Proposition 6.3, t L(y)P = I and ^Co ( tL (v)Y = T, P jZl ^jf -^U), 
where Af(j) := Y^=i ^ = mod p, for j in {1, • • • ,p — 2}. Besides, as previously seen, 

Then, y (^"o (P " * " 1) ('£(»))') [^(tf)] = 2/ (S(j/) 4 J)^ 2 =* [0, • • • , 0, y S(y)P- 1 } mod 

p. To complete the calculation, one has to compute Ef=o T{X + iy,y). As T is the reduction 
mod p of the polynomial | {(A + j/) p — A p — y p }, it follows that 

E?=o T (^ + <».y) =^Er=o{(^ + (i + *)y) p -(^ + ^) p -y p } mod P 

= p -{(X+py)P-XP-pyP} = -yP mod p 

Therefore, cr[VF] p = [W] +* [0, 0, 0, • • • , 0, y S^)^ 1 - y p ] mod p. If y e F p , or cquivalently 
5(y) = 0, then ct[W] p = [W] +* [0,0,0,- •• ,0,y] mod p. Otherwise, S(y) ^ and, as S(y) 
lies in F p , S(y) p - 1 = 1 mod p, which implies cr[W] p = [W] +* [0, 0, 0, • • • , 0, y - y p ] = [W] +* 
[0, 0, 0, • • • , — mod p. We gather that if y = 0, the order of cr divides p. Otherwise, a has 
order p 2 . This proves the second assertion. □ 

Contrary to the preceding propositions, the next result describing the center of the group G[n] 
is common to both cases of Proposition 6.1, i.e. n < p — 1 and n = p—1. 

Proposition 6.5. Let (C[n\,G[n\) be a big action as described in the first or the second point of 
Proposition 6.1, i.e. with n < p — 1 or n = p — 1. Let a in G[n]. Then, a belongs to the center of 
G[n] if and only if 

<t{X)=X and Vi G {1, • ■ ■ ,n- 1}, <r(W t ) = W t 
It follows that the center of G[n] is isomorphic to Z/pZ. 

Proof: Throughout the proof, we keep the notations introduced in Proposition 6.3 and 6.4. 

1. We first focus on the case n < p—1. Let a in Z(G[n}) and y in V such that y := a(X) — X. By 
definition of <j){y), for all g in G[n]2, 4>(y)(g) — cr^ 1 go = g, since a lies in the center of G[n\. So 
4>{y) = id and L(y) is the identity matrix. It follows from Remark 6.2 that S(y) — li,i{y) = 0. 
Then, gi(y) = 0, for all 1 < i < n, and Zi(y), which satisfies p(Zi(y)) = gi(y), lies in F p . So, 
by Proposition 6.3, a[W] =' L{y)[W] + X[K{y)] + [Z(y)\ = [W] + [Z(y)\. We now choose some 
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u in V such that S(u) ^ and consider r in G[n] such that r(A) = X + u. Then, still by 
Proposition 6.3, t[W] =* L(u)[W] +X[K(u)} + [Z{u)\. One checks that ar[W] = ra[W] if and 
only if y[K(u)} + - /)[Z(y)] = 0. As S(it) ^ 0, it implies that y = and = for 

all i in {1, • • • , n — 1}. 

Conversely, if y = 0, then S'(y) = 0. As above, it implies i?i(y) G ¥ p , for 1 < z < n, and 
L(y) = I. It follows that ct[W] = [W] + [Z(y)}. Consider r in G[n] and zt in V such that 
it := t(X) — X. On the one hand, crr(X) = A + « + y = t<t(X). On the other hand, as seen 
above, ctt[VK] = ra[W] if and only if y[ft(u)] + ( t L(u) -I)[Z{y)) = 0. HS(u) = 0, this equality 
is trivially true. Otherwise, it comes from Zi(y) = for all i in {1, • • • , n — 1}. Therefore, a 
lies in the center of G[n]. 

As a conclusion, a belongs to the center of G[n] if and only if <j(X) = X, o~(Wi) = Wi, with 
1 < % < n - 1, and cr(W n ) = W n + Z n , with Z n in ¥ p . Thus, Z(G[n}) ~ Z/pZ. 

2. When n = p — 1, the result is the same but the proof is slightly different. As above, we first 
notice that, if a lies in Z(G[n]), L(y) — I, S(y) — and then y is in F p . Write y p = y+pR with 
R in W(k). It implies that g p -i(y), which is the reduction mod p of ^ ({jy p — y} p — y p2 + y p ), 
is zero. Accordingly, Z p -i(y) also lies in F p . Then, by Proposition 6.4, a[W] =* L(y)[M / ] + 
A[^(y)] + + [T(X,y)} = [W] + [Z{y)\ + [T(X,y)]. We now choose some u in V such 

that S(u) ^ and consider r in G[n] such that t(X) = X + u. Still by Proposition 6.4, 
r[W] =' L{u)[W}+X[R(u)} + [Z{u)\ + [T(A, u)}. One checks that ctt[VF] = ra[W] if and only 
if 

y [K(u)] + (*L(u) - /) [Z(y)] +*i(u) [T(A, y)] + [T(A + y, u)} - [T(X, u)} - [T(X + u, y)} - (6) 

As S(u) ^ 0, it implies that y = 0. Then, T(A, y) = T(X+u, y) = and T(A+y, u) = T(X, u). 
Thus, one gets: — I)[Z(y)] = 0, which implies Zi(y) — for all i in {1, • ■ ■ , n — 1}. 

Conversely, if y = 0, then S(y) = 0, L(y) = I and T(X, y) = 0. It follows that <r[W] = 
\W\ + [Z(y)]. Consider r in G[n] and u in V such that u :— t(X) — A. On the one hand, 
<tt(X) = X + u + y = t<t(X). On the other hand, as seen above, ctt[PF] — ra[W] if and only if 
© is satisfied. If S(u) — 0, this equality is trivially true. Otherwise, it comes from Zi(y) = 
for all i in {1, • • • , n- 1} together with T(A, y) = T(X + u,y)=0 and T{X + y,u) = T(A, u) 
obtained because y = 0. Therefore, a lies in the center of G[n] and we conclude as in the 
previous case. □ 

Corollary 6.6. Let p > 3 and 2 < n < p — 1. FKe fceep t/ie notation of Proposition 6.1. 

1. The group G[l] is the extraspecial group of order p 3 and exponent p, namely the unique non 
abelian group of order p 3 and exponent p. Moreover, we get the following exact sequence: 

— ► Z(G[1}) ~ Z/pZ — ► G[l] — ► (Z/pZ) 2 — ► 

2. We also have the following exact sequence: 

— > Z(G[n]) ~ Z/pZ — > G[n] — > G[n - 1] — > 

Proof: 

1. The first assertion derives from [LM05 (Prop. 8.1). 

2. As in Proposition 6.1, we call K n :— k{C[n]) — k(X, Wi, • • • , W n ) the function field of the 
curve C[n]. Put k(T) := K„^ n \ where T = Q(X), Q being defined as in Proposition 6.1. 
Then, Galois theory, combined with Proposition 6.5, gives the following exact sequence: 

— > Gal{K n /K n _i) ~ Z{G[n\) ~ Z/pZ — > Gal(K n /k(T)) — > Ga/(AT„_i/fc(T)) — > 

The claim directly follows. □ 

Remark 6.7. Computation using MAGMA package on finite groups shows that, for n > 2, the 
group G[n] is, in general, not uniquely determined by the group extension conditions mentionned in 
Corollary 6.6. 

Definition 6.8. Following fHa^G^ and [BT82], we say that a group G is capable if there exists a 
group r such that G ~ t^t) . 
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We deduce from Corollary 6.6 the following: 
Corollary 6.9. Let p > 3 and 2 < n < p — 1. 

1. The group G[n — 1] is capable, with T — G[n]. 

2. In particular, the extraspecial group of order p 3 and exponent p, with p > 2, is capable with 
r = G[2], a group of order p . 

Remark 6.10. Note that WT82f (Example 1.12 p. 187) gives another proof of the second statement 
of Corollary 6.9. Nevertheless, this proof uses some group F of order p 5 . 

6.1.2 General case. 

Starting from the big actions defined in Proposition 6.1, for which s% = 1, we use the base change 
displayed in [MR08j (section 3) to obtain new ones which still satisfy the conditions of Theorem 5.8 
but have arbitrary large s\. 

Proposition 6.11. Let p > 3, I < n < p — 1 and sq G N. Let So(X) be an additive separable 
polynomial of k[X] with degree p s ° . Let (C[n],G[n\) be the big action defined in Proposition 6.1. 
Consider the additive polynomial map Sq : Pj, — > C[n]/G[n)2 — Pj.. 

1. Let C[n] := C[n] x P i P^, be the curve obtained after the base change defined by Sq. Then, the 
cover C[n] — > C[n]/G[n] is Galois with group G[n] ~ G[n] x (Z/pZ) s °. Moreover, the pair 
(C{n],G[n\) is a big action with G[n} 2 ~ G[n] 2 x {0} and Z{G[n]) ~ (Z/pZ) So+1 . 

2. This big action (C[n],G[n\) satisfies the conditions of Theorem 5.8 with s\ = s$ + 1. 
Proof: 

1. The first assertion derives from [MR08] (Prop. 3.1). Another proof consists in replacing A 
with Sq{X) in the proof of Proposition 6.1, knowing that the calcultation only requires So to 
be additive. 

2. One deduces from Lemma 3.7.2 and Lemma 3.7.7 that fi(X) G Si+i — Si implies fi(So(X)) G 
E.; + i — The claim follows. Another proof consists in considering the filtration (Ai(G[n]))j>o, 
as defined in section 5.1. By Proposition 6.1, this filtration satisfies the first condition of 
Proposition 5.2. Then, one concludes by checking that, for all i > 0, A.;(G[n]) ~ Aj(G[n]). □ 

6.2 A universal family. 

Under the hypotheses of Theorem 5.8, one already knows the form of the functions /,'s, namely their 
degree rrii = 1 + ip Sl and their belonging to Sj+i — For given p, si and n < p— 1, this naturally 
yields an algorithmic method to parametrize the functions /Vs. In this way, we obtain a universal 
family parametrizing the big actions (G, G) that satisfy Theorem 5.8 with f\ monic and s\ = 1. 
Eventhough it theoretically works for any p > 3, in what follows, we merely illustrate this method 
in the special case p = 5 and n < p — 1 = 4. In this case, we also describe the corresponding space of 
parameters and, when n = 2, we give necessary and sufficient conditions on the parameters for two 
curves of the family to be isomorphic. We eventually characterize the subfamily corresponding to the 
special curves that are studied in section 6.1.1. Throughout this section, the notations concerning 
big actions are still those fixed in section 3.2. 

Proposition 6.12. Fix p = 5. Let (C,G) be a big action such that G2 — (Z/pZ) n ; with 2 < n < 
p—1. We suppose that si = 1. We also assume that (G, G) satisfies the conditions of Theorem 5.8. 
Then, there exists a coordinate X for the projective line C /G2 — Pi and an adapted basis for A as 
follows: 

For n = 2: 

/ 1 (A)=A 6 + 2^!+iA 2 

foX) - bl A 11 + 46^5 + 3 i^g±i A 3 + b 5 X 

Therefore, the parametrization of the functions fi 's requires two algebraically independent parame- 
ters, namely bo and 65 in k, with bo =/= 0. 
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For n = 3: 

/ 1 (I) = I 6 +2^I 2 

MX) = bl A 11 + 4 6g5 X 7 + 3 ^g±± X 3 + 2^ X 

h(X) = 4 b ° X 16 + 4 6 30 X 12 + 4 6[; X 8 + cf X 6 + 4 x 4 + 2 c 7 ^iij±i X 2 + c 9 X 

17ms, ifte parametrization of the functions fi 's requires three algebraically independent parameters, 
namely bo, c 7 and eg in k, with bo ^ 0. 

For n = 4: 

h(X) =I« + 2^1l 2 

f 2 (X) = b 5 X n +UfX 7 + 3^^X 3 + 2^-X 

MX) = 4 C X 16 + 4 63° X 12 + 4 65° X 8 + 4 X 6 + 4 x 4 + 2 c 7 X 2 + 2^A* 

MX) = 2 fo 45 A 21 + bf X 17 + 4 bf X 13 + d 5 8 blX 11 + 3 b 75 X 9 + (4 df fo 25 + 4 fo 25 cf + fo 25 c 25 ) X 7 

+2 dl1 guffi±13 X 2 + di 3 X 

fog 6 = 1 and 2 t + (3 fo 2 , 4 + 3)t 5 + 2 fog 4 t 25 = where t := d s - c 7 

Accordingly, the parametrization of the functions fi 's requires three algebraically independent pa- 
rameters, namely cj, dn and d i3 in k. 

Proof: We recall that, after an homothety and a translation, one can rigidify the parametrization 
and fix a coordinate X for the projective line C/G 2 — Pi such that f\ is a monic polynomial 
with no monomial of degree one. Furthemorc, for n > 3, one also rigidify the functions /j's by 
assuming, following Proposition 5.4, that £^i+i — l\^ 2 . Thus, keeping the writing of exponents in 
5-adic expansion, we write the functions /j's as follows: 

MX) =X 1+5 + aX 2 

MX) = bl x 1+2 - 5 + foi x 2 + 5 + fo 2 a 3 + 63 x 1+5 + b 4 x 2 + b 5 x 

MX) = c 1 1+3 ' 5 + ci A 2 + 2 - 5 + c 2 X 3 + 5 + c 3 X 4 + c\ X^ 2 - 5 + c 5 X 2 + 5 

+c 6 X 3 + c 7 A 1+5 + c 8 X 2 +c 9 X 
MX) = d Q A 1+4 - 5 + di a 2 + 3 - 5 + d 2 X 3 + 2 - 5 + d 3 A 4 + 5 + b 1 ^ d 4 A 1+35 + d 5 X 2 + 2 - 5 + do X 3 + 5 

+d 7 x A + bl 4 a 1+2 - 5 + d 9 x 2 + 5 + d w x 3 + d\ 1 x 1+5 + x 2 + di 3 x 

with bo ^ 0, c 7^ and d 7^ 0. Note that, for convenience of calculation, some coefficients are 
directly written asp-powers. Following Proposition 2.13, we first calculate Adf 1 (Y) = Y 25 +2 a 5 Y b + 
Y . As V is included in Z(Adf 1 ) and as, in our case, these two vector spaces have the same dimension 
over F p , namely s\ + 1 = 2 = 2 s\, we gather that V = Z(Adf 1 ). We now focus on the relation: 

VyEV, A v (f 2 ) = £ h2 (y) MX) mod p(k[X}) (7) 

Computations using Maple show that for all y in V, ^1,2(2/) = 2foiy + 2 fop?/ 5 . As V = Z(Adj 1 ), we 
deduce from Proposition 2.9 that Ad fl (X) divides the polynomial (2 61 X + 2 6jl 5 ) 5 - (2biX + 
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2b b X b ). This requires: 61 = 4 fog 5 and a = 2^L+i. In addition, © also yields fo 2 = 3 y and 

63 G F5. Accordingly, by replacing / 2 with ,f 2 — b 3 fi, one can assume that 63 = 0. It follows that 

64 = 0. We eventually obtain the expected expression of the functions /1 and / 2 . 

Likewise, the case n = 3 (resp. n — 4) is solved by studying the relation: 

VyeV, A v (f 3 ) =h, 2 (y) h{X)+ £ h3 (y) h(X) mod p{k[X]) 

(resp. Vy G V, A y (f 4 ) = t^y) f 3 (X) + £ 2A (y) f 2 (X) + £ 1A (y) f^X) mod p(k[X]))D 

Remark 6.13. Keeping the notations of Proposition 6.12 with n — 2, one can show using \LM05^ 
(Prop. 3.3) that the two pairs of parameters (&O7&5) and (^oj^s) 9^ ve isomorphic k-curves C if and 
only if 

A 24 = l and b^± b ^b 5 
b a b 

We now emphasize the link with the special family studied in section 6.1. This allows us to 
characterize the group G, at least for p — 5 and n < 4. 

Remark 6.14. 1. Following Proposition 6.11, we apply the linear base change: X — > XX , with 
A 6 P, to the big action defined in Proposition 6.1, for n > 2. Then, one finds a subfamily of 
the universal family displayed in Proposition 6.12 if and only i/A 6 F25. For instance, in the 
case n — 2, the subfamily obtained in this case is the one characterized by 6q 4 = 1 and 65 = 0. 

2. We notice that the spaces of parameters of the universal family described in Proposition 6.12 
when n < A, are Zariski opens of linear affine spaces, which implies that they are irreducible and 
so connected. It follows from the preceding point and from Proposition 6.11 (with sq = 0) that 
the group G mentionned in Proposition 6.12 is isomorphic to the one obtained in Proposition 
6.1. But, forn = A, the space of parameters is no more connected (cf. fop 6 = 1), so the question 
remains open. 

For given p and 2 < n < p — 1, one does not know the connected components of the space of 
parameters. Nevertheless, the group structure can be approached via the proposition below that 
generalizes Proposition 6.5 and Corollary 6.6. 

Proposition 6.15. Let p > 3 and 2 < n < p — 1. Let (G, G) be a big action which satisfy the 
conditions of Theorem 5.8 with s\ = 1. 

1. The center of G, Z(G), is included in its derived subgroup D(G). It follows that Z(G) is cyclic 
of order p. 

2. Moreover, for all i in {1, • • ■ ,n}, the quotient group G/hi(G) is capable. 
Proof: 

1. As G satisfies the conditions of Theorem 5.8, A„_i(G) is an index p subgroup of G 2 = D(G). 
As A„_i(G) = {G2Y 1 (cf. Theorem 5.8), the quotient curve C/A n _i(G) is the p-cyclic cover 
of the affine line parametrized by Wf — W\ = fi{X). Since v = s% + 1 = 2, it follows 
from |LM05j that the group G/A„_i(G) is the extraspecial group of order p 3 and exponent 
p. In particular, its center is a p-cyclic group generated by r such that t(X) — X and 
r (Wi) = Wi + 1. Now, take a G Z{G). Then, a induces a G Z(G/A„_i(G)). So, a(X) = X. 
As k{X) = L D{ - G \ it implies that Z{G) is included in D{G). Besides, by Theorem 5.8, 
Ai(G) = Z(G) n D(G) = Z(G) ~ Z/pZ, which proves that Z(G) is p-cyclic. 

2. Theorem 5.8 implies that the cover G — ► G/G 2 is parametrized by n Artin-Schreier equations: 
Wf - Wj = fj(X) G - Ej, with 1 < j < n. Take i in {0, • • • , n - 1}. Then, the 
curve G/Ai(G) is parametrized by the n — i first equations: Wf — Wj — fj{X) G — Ej, 
with 1 < j < n - i. It follows that the pair (G/A 4 (G), G/A,(G)) is a big action (cf. [MR08] 
Lemma 2.4) which still satisfies Theorem 5.8 with si — 1. We deduce from the first point that 
Ai(G/Ai(G)) = Z{G/k t {G)). As j^f^j^ - G/A l+1 (G), we get the exact sequence: 

— » Z{G/ki{G)) — > G/A 4 (G) — ► G/A 4+ i(G) — > 
The claim follows. □ 
We conclude with the following 
Problems: 
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1. For any p, find equations for the universal family (at least for si = 1) as we obtained for the 
special family. 

2. Compare the universal family corresponding to a given s± with the one obtained after a base 
change by a generic and additive polynomial map, applied to the universal family with s± = 1. 

A last interesting question is raised by the following 

Remark 6.16. Proposition 6.12 seems to suggest that any p-cyclic etale cover of the affine line 
given by 

Wf - Wi = fi{X) := X S(X) with S e k{F] 
could be embedded in a big action (C, G) where C is parametrized by n Artin-Schreier equations: 

Wf — Wi = fi(X) G E^+i — Sj with l<i<n<p-\ 

and that without any restriction on the coefficients of f\ . Nevertheless, it is no more true for 
n = p — 1 unless the coefficients of S(X) satisfy a specific algebraic condition to be determined (see 
e.g. 6g 6 = 1 in Proposition 6.12). 
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